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Abstract. Let V be a 2n-dimensional vector space over an algebraically closed 
field k with chk ^ 2. Let G = GL(V) and H = Sp2n be the symplectic group 
obtained as H — G for an involution 9 on G. We also denote by 9 the induced 
involution on g = Lie G. Consider the variety G/H x V on which H acts naturally. 
Let Q~ d be the set of nilpotent elements in the —1 eigenspace of 9 in q. The role 
of the unipotent variety for G in our setup is played by Q~ a x V, which coincides 
with Kato's exotic nilpotent cone. Kato established, in the case where k = C, 
the Springer correspondence between the set of irreducible representations of the 
Weyl group of type C n and the set of -ff-orbits in Q~ a x V by applying Ginzburg 
theory for affine Hecke algebras. In this paper we develop a theory of character 
sheaves on G/H x V, and give an alternate proof for Kato's result on the Springer 
correspondence based on the theory of character sheaves. 

Introduction 

Let G' = GL n acting on the n-dimensional vector space V over an algebraically 
closed filed k, and g' = LieG". Let G" uni (resp. g^ n ) be the unipotent variety of 
G' (resp. the nilpotent cone of g'). We consider the action of G' on the variety 
Snii x V i where G' acts on £j' nil by the adjoint action, and on V by the natural 
action. By Achar-Henderson [AH] and Travkin [T], g' nil x V has a finitely many 
G'-orbits parametrized by double partitions of n. Following [AH], we call g' nil x V 
the enhanced nilpotent cone. In [AH], they studied the intersection cohomology of 
the closure of such orbits, and showed that associated Poincare polynomials give 
Kostka polynomials labelled by double partitions, introduced in [S2], which is an 
analogy of the classical result by Lusztig [LI] relating nilpotent orbits in g n \\ and 
Kostka polynomials. Passing to the group case, we consider the action of G' on the 
variety G' x V', where G' acts on G' by conjugation, and on V' by the natural action. 
Finkelberg-Ginzburg- Travkin [FGT] constructed a family of G"-equivariant simple 
perverse sheaves on G' x V', and developed an analogy of the theory of character 
sheaves on G', where G' uni x V' ~ g' nil x V plays a role of the unipotent variety of 
G'. They conjecture that the characteristic functions of such character sheaves on 
G' x V provide a basis of the space of G'(F g )-invariant functions on (G' x V')(F q ). 

Assume that k is an algebraic closure of a finite field F q with chk ^ 2, and 
let V be a 2n-dimensional vector space over k. Let H = Sp2 n be the symplectic 
group obtained as the fixed point subgorup G e for an involutive automorphism 
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9 on G = GL(V), and consider the symmetric space G/H. In [BKS], Bannai- 
Kawanaka-Song studied the characters of the Hecke algebra % = T-L(G(¥ q ), H(¥ q )) 
associated to the pair H(F q ) C G(F q ), and showed that the character table of % 
is basically obtained from the character table of GL n (F q ) by replacing q by q 2 in 
an appropriate sense. On the other hand, in [HI] Henderson tried to reconstruct 
the result of [BKS] in terms of the geometry of the symmetric space G/H. Let 
0~ij = {g E jjnii I 9(g) = —g} for the involution 9 induced on q = LieG. Then H 
acts on 0~ n , and //-orbits are labelled by partitions of n. He showed, in particular, 
that Poincare polynomials associated to the intersection cohomology of the closure 
of those orbits provide Kostka polynomials, replacing the variable q by q 2 , which is 
a geometric counter part of the result of [BKS]. 

In this paper, we consider the variety G/H x V as a generalization of above 
two cases. H acts on G/H x V as a left multiplication on G/H, and as the natural 
action on V. In this setup, the role of the unipotent variety for G is played by the 
variety x V, which is nothing but the exotic nilpotent cone introduced by Kato 
[Kal]. So we shall call G/H x V the exotic symmetric space. H acts on x V. 
Kato showed that the number of //-orbits is finite and they are parametrized by 
double partitions of n (a reformulation by Achar-Henderson [AH]). It is expected 
an interesting relationship between the intersection cohomology of the closure of 
those orbits and Kostka polynomials labelled by double partitions. Our aim is to 
construct a theory of character sheaves on G/H x V as an analogy of the theroy 
for G' and G' x V' . In fact, in [HT] Henderson- Trapa propose a construction of 
character sheaves on G/H x V, as a natural generalization of mirabolic character 
sheaves due to [FGT], "exotic character sheaves" in their terminology. In their 
framework, the character sheaves constructed in this paper just cover the principal 
series part. However, we expect that any exotic character sheaf can be obtained by 
our construction. 

The main result in this paper is the Springer correspondence between the set 
of irreducible representations of the Weyl group of type C n and the set of if -orbits 
of 0~jj x V through the intersection cohomology of the closure of //-orbits. In 
fact, the Springer correspondence for exotic nilcone was first established by [Kal], 
by using Ginzburg theory of affine Hecke algebras. In [Ka2], he determined the 
correspondence explicitly by computing Joseph polynomials associated to //-orbits. 
So our result gives an alternate approach to Kato's result based on the theory 
of character sheaves, which is quite similar to the original proof of the Springer 
correspondence due to Borho-MacPherson [BM]. We prove the restriction theorem 
for Springer representations, which is an analogy of Lusztig's restriction theorem 
[L2] with respect to the generalized Springer correspondence, and we determine the 
correspondence explicitly by using this restriction theorem. 

The authors are grateful to S. Kato for valuable discussions about his work. 
They also thank A. Henderson for some useful comments. 
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I. Symmetric space GL 2n /Sp 2n 



1.1. Let k be an algebraic closure of a finite field F q with char k =^ 2. Let 
V be a 2n dimensional vector space over k, with basis {ei, . . . e n , /i, . . . /„}. Let 
G = GL2„ and g = LieG = gl 2 „. Consider an involutive automorphism 9 : G —¥ G 
given by 



9(g) = J- 1 ^- *)J with J 



l n 

"In 



where l n is the identity matrix of degree n, and put H = G 6 . Then /J is the 
symplectic group 5p2n with respect to the symplectic form(«, v) = l uJv for v e V 
under the identification V ~ k 2n via the basis {e±, . . . , e n , f±, . . . f n }, which gives 
rise to a symplectic basis. We denote by the same symbol 9 the involution induced 
on g. Then 9(x) = —J~ 1 ( t x)J for x G Q. We have a decomposition g = g e © g -9 , 
where 

Q ±e = {x e g | 0(a;) = ±x}. 

Let x* be the adjoint of x E g with respect to the form ( , ). Then we have x* = 
J~ 1 ( t x)J, and so g ±d = {x e g | x* = =Fx}. In particular, q~ 6 coincides with the set 
of self-adjoint matrices in g[ 2ri - 

1.2. Let 6 : G — > G be the anti-automorphism g h-> We consider the set 
C te = {<? G G | 0((?) = g^ 1 }- Then as in the Lie algebra case, G id coincides with the 
set of non-degenerate self-adjoint matrices. In particular, it is connected. Let B be 
the subgroup of G consisting of the elements of the form 

b\ c 
b 2 

where bi, b 2 , c are square matrices of degree n, with b\ upper triangular and b 2 lower 
triangular. Let T be the set of all diagonal matrices in G. Then B is a Borel 
subgroup of G containing T, and B and T are both ^-stable. We have 

1-2.1) = {( I M | a G D n }, T^ = {( a Q I ) | a G D n }, 



4 



SHOJI AND SORLIN 



where D n is the set of diagonal matrices in GL n . Moreover we have 
(1.2.2) B e = {g= (I t °_^ eB\ t c = b~ x c *b}, 

B w = {g=(l t° b ) e B |* c = - C }. 

We note that 



(1.2.3) G w = {ge(g)- 1 \ g G G}. 

In fact, it is known by a general theroy ([R, 2.2], see also [Gi, 3.3]) that the right 

hand side of (1.2.3) coincides with the connected component of G w . Since G w is 

connected, (1.2.3) holds. It is also checked directly as follows; take x G G lQ '. Then 

x is self-adjoint, and so there exists an isotropic flag (Vi C V 2 C • • • C V n ) in 

V stable by x. Since G id is if-stable, by replacing x by its iJ-conjugate, we may 

(b c\ (b 

assume that x G B i9 . We write x — ( „ t , as in (1.2.2). If we put y 



then = ^ ^ n t^-i^ , and so y 1 x9(y) = ^™ 1 ) ^ ^ ^ nce c ' * s a s ^ ew " 

symmetric matrix, one can write d = a — l a for a square matrix a of degree n. Then 
we have 



In ^ \ ( ^n & \ f In & 



1„ VO l n M0 ..„ 



with z = ° ^ . This implies that x = gO(g) 1 for some g G G. The opposite 

inclusion in (1.2.3) is clear. 

Note that the above argument shows, in particular, that 

(1.2.4) B i6 = {bOib)- 1 \ beB}. 



Remark 1.3. The following properties hold. 

(i) If B' is a ^-stable Borel subgroup of G, then B and B' are conjugate under 

H. 

(ii) If B' is a ^-stable Borel subgroup containing a ^-stable maximal torus T', 
then the pairs (B',T r ) and (B,T) are conjugate under H. 

(hi) A ^-stable torus S of G is called ^-anisotropic if 6{s) = s _1 for any s G S. 
Then T t61 is a maximal ^-anisotropic torus, and any maximal torus of G containing 
a maximal ^-anisotropic torus is conjugate to T under H. 

In fact, for (i), B' is written as B' = xBx~ l for some x G G. Then we have 
x~ 1 9(x) G B i6 '. By (1.2.4), there exists b G B such that 66»(6) _1 = x~ l 6(x), and 
g = xb £ H. Then gBg~ x = B'. For (ii), assume that xBx^ 1 = B'^xTx' 1 = T' . 
Then ar^x) G B id n Nq(T) = T id , and there exists i G T such that ifl^)" 1 = 
x~ l 6(x). Then g = xt <E H, and we have g(_B,T)g _1 = (B',T r ). For (iii), it is clear 
that T bd is maximal ^-anisotropic. By a general theory ([V], see also [R, 2.7]) that 
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maximal ^-anisotropic tori are conjugate under H. Since Z G (T te ) = Z H (T Le ) ■ T l9 , 
(iii) follows. Note that (iii) implies that any maximal torus containing a maximal 
^-anisotropic torus is ^-stable. 

1.4. By (1.2.3), the symmetric space G/H can be identified with G i6 so that 
the natural map 7r : G — > G/H is given by 7r : G — > G ld , g t— > g0(g)^ 1 (cf. [R. Lemma 
2.4]). Under this identification, the left multiplication of H on G/H turns out to be 
the conjugation action of H on G w . Let A be a closed subgroup of G isomorphic to 
GL n defined by 

A = { (o 1° B ) eG|xeC7L„}. 
Then for a = ^ ^ ^ G A, we have a6(a)^ 1 = ^ 



We define a subgroup L of G by 



r x . 



L = * (o y) G ° ' y G ~ GLn X GLn ' 

Then L is 0-stable, and L e = {a6(a) \ a e A}, L l9 = {a6(a)- 1 \ a e A}. The 
following lemma was proved by Klyachko [Kl] (cf. [BKS, Lemma 2.3.4]). 

Lemma 1.5. (i) For a, a' G A, a9(a)^ 1 is H-conjugate to a'9(a')^ 1 if and only 
if a and a' are conjugate in A . 
(ii) The map a h-> a6(a)~ l induces a bijection between the set of conjugacy classes 
in A and the set of H -conjugacy classes in G i6 . 

1.6. We note that for any g G G i6 ', Zff(g) is a connected subgroup of H. In 
fact, as in remarked in [BKS, Lemma 2.2.1], for x G G, Zq(x0(x)~ 1 ) is 0-stable, 
and we have Zh(x6(x)~ 1 ) = {Zg{x6{x)~ 1 )) 6 . Since Za{x6{x)~ 1 ) is a product of 
general linear groups, on which 6 acts as an involutive automorphism, Z H (x9(x)~ 1 ) 
is a product of general linear groups and symplectic groups. Thus Z H (x9(x)~ 1 ) is 
connected. 

1.7. Let g = su = us be the Jordan decomposition of g G G, where u 
is unipotent and s is semisimple. If g G G , then s,u G G w , and the Jordan 
decomposition makes sense in G i6 . We denote by G(f ni the set of unipotent elements 
in G w . Similarly, we have the Jordan decomposition of g~ 9 , and denote by g~H the 
set of nilpotent elements in g~ e . 

We define a map log : G w — > g~ e by the composite of the maps 

l og . G * G g = g e @ g-° 

where i is the inclusion map, and j is the map defined by j(g) — g — 1, and P2 is 
the projection onto the second factor. Then log is an if-equivariant morphism from 
G w to g~ e and log(l) = 0, and rflog e : g~ e — > g~ e induces the identity map on g~ e . 
By Bradsley-Richardson [BR, Proposition 10.1], we see that the restriction of log on 
Gjf ni gives rise to an iJ-equivariant isomorphism G^ ni ~ g'®. 
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Under the correspondence in Lemma 1.5, the set of unipotent classes in A is 
mapped to the set of unipotent classes in G ld . Since the set of unipotent classes in 
A is parametrized by the set V n of partitions of n, we see that 

(1-7.1) gZj~ h ~ td!/~ H ~v n , 

where Xj ~# denotes the set of iJ-orbits of the G-variety X. 

We consider the varieties G^ ni x V and x V, with diagonal actions of H. Note 
that Q~f{ x V is nothing but the exotic nilpotent cone introduced by Kato [Kal]. 
Now log x id induces an if-equivariant isomorphism between G|f ni x V and g~° x V. 
By [Kal], we know that (q~^ x V)/ ~ h is parametrized by the set V rh2 of double 
partitions of n. Hence we have 

(1.7.2) (Gl x V)I~ B ~ (gj x V)/~ B ~ V n , 2 . 

We denote by 0\ the i7-orbit of G L ® ni x V corresponding to A G V n , 2 . (Here we follow 
the parametrization given in [AH, Theorem 6.1] in connection with the parametriza- 
tion of the orbits in the enhanced nilpotent cone.) 

The closure relations of orbits in Gjf ni x V are described as follows. For A = 
(/i, v) G V nt 2 with fj, = (fii), v = (z/j), we define a composition c(A) of n by c(A) = 
(f/,i, /J>2, v ii ■ ■ ■ )■ We define a partial order on V n , 2 by fi < A if and only if 
c(/i) < C W> where the latter is the dominance order of compositions of n. Then we 
have by [AH, Theorem 6.3], 

(1.7.3) O^cOx if and only if fi < A. 

1.8. Let be the set of regular semisimple elements in T t0 , i.e., the set of 
semisimple elements in T i6 such that all the eigenspaces on V have dimension 2. We 
define Gf cg = \J geH gT^g -1 , the set of regular semisimple elements in G Ld . Then 
Gf eg is open dense in G w . Take t G Tf cg . Then Z H (t) = Z H (T l °) ~SL 2 x---xSL 2 
(n copies). For the Borel subgroup B 6 of H, put 

G ie = {{x,gB e ) G G bd x H/B e \ g~ x xg G B lB } 

and define a map 7r : G te — > G bd by 7r(x, gB e ) = x. Then G t6) ~ H x B ° B bd is a locally 
trivial fibration over H/B e with fibre isomorphic to B id (the associated bundle of 
the principal E^-bundle H — > H/B e ). Since -B t6> is smooth by (1.2.2), G id is smooth 
and irreducible. Moreover, 7r is proper. 

We consider the pull-back l K~ 1 (Gf eg ) of Gf under the map 7r, and let ^ : 
7r _1 (G^ g ) — >■ G^ g be the restriction of n on n~ l (Gf cg ) . Then we have 

n-\G? cg ) ^Hx B ° Bf cg ~ Jf x^ n ^ 9 )) r£, 

where = B l9 n G^ g . Note that 5 9 n Z H (T i9 ) is a Borel subgroup of Z^(T t9 ) ~ 
SL 2 x ■ ■ ■ x SL 2) hence is of the form B 2 x ■ ■ ■ x B 2 with a Borel subgroup _B 2 of 
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SL 2 . Now the map ip factors through H x Zfj(T ' S) T L0 as follows; 

(!-8-l) V = n~\Gf eg ) H x^(^) T* -JU Gf eg , 

where £ is proper, and is a locally trivial fibration with fibre isomorphic to 

Z H {T e )/{Z H {T e ) n £*) ~ (SL 2 /B 2 ) n ~ P™ 

and 77 is a finite Galois covering with group W = N H {T ie ) / Z H {T id ) ~ £„ through 
the identifications 

if x^( T ") T; c e g ~ H/Z H (T 6 ) x T; c e g (H/Z H (T 6 ) x T r f g )/S n ~ Gf cg , 

where S n acts on H/Z H (T W ) x T; c e g by (w, (gZ H (T w ),t)) 1— >■ (gw~ 1 Z H (T'' e ),wt'w~ 1 ). 
Summing up the above computation, we obtain the following lemma. 

Lemma 1.9. fe£ C/ fre £/ie unipotent radical of B. Then 

(i) dim£/ e = n 2 ; dim B e = n 2 + n, dimU Le = n 2 - n, dim B i0 = n 2 . 

(ii) G i6 is a smooth irreducible variety with dim G l6 = 2n 2 . n is a proper surjec- 
tive map from G i6 onto G w , and dimC 6 = 2n 2 — n. 

Proof. For (i), the statement for B e ,U 9 is well-known. The statement for B lB \U w 
comes from (1.2.2). For (ii), dimG w = dim H/B 6 + dim B i6 = dimU 6 + dim B iQ = 
2n 2 by (i). By 1.4, dimG te = dimG - dim H = 2n 2 - n. □ 



1.10. We define a variety 

<51 = {(x,gB e ) G Gl x /f/£ e I ^-^5 G U"} 

and the map tti : Gjf ni ->■ Gjf ni by in(x,gB e ) ^ x. Then <5(f ni ~ H x B " U' e is 
a vector bundle over H/B with fibre isomorphic to U id . Hence Gjf ni is smooth 
and irreducible, and 7Ti is a surjective map onto G L ® ni . For a; G Gjf ni , we consider 
7rf 1 (x) ~ {^-B 61 G H/B e I g~ l xg G £/ te }. We have the following lemma, (i) and (ii) 
are proved in Lemma 5.11 and (2.3.11) in [BKS]. (iii) is immediate from (ii). 

Lemma 1.11. Assume that x = y6(y)~ l G Gjf ni with y G A uni . Then 

(i) dimTrf 1 ^) = (dim Z H (x) — rank H)/2. 

(ii) dim H — dim Z H (x) = 2 (dim A — dim Za(v))- 

(iii) Let y = y\ G A be an element corresponding to A G TV fni xa = x and /et 
(9 A fre the H -orbit of x x in G^ ni . Then we have dimO\ = 2n 2 — 2n — 4n(A). 
In particular, dim7r 1 " 1 (a;) = 2n(A) + n. 

By using this, one can show that 

Lemma 1.12. (i) G^ ni is smooth and irreducible with dimCJ^i = 2n 2 — n. 
(ii) dim G^i = 2 dim W e = 2n 2 -2n. 
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Proof. By 1.10, we have dim (2^ = dim H/B 9 + dim £7^ = dimU 9 + dimU 1 - 9 = 
2n 2 — n. Hence (i) holds. We show (ii). Let y be a regular unipotent element in A, 
and put x = y6{y)~ 1 . Since dimZ^y) = n, we have dim Zh(x) = 3n by Lemma 
1.11 (ii). Hence dim-?/>f 1 (x) = n by Lemma 1.11 (i). Since the if -orbit of x is open 
dense in G i9 ni , we see that dimG i9 ni = dimG i9 ni — n. Hence (ii) holds. □ 

1.13. We consider the direct image complex ip*Qi of the constant sheaf Q; 
on 7r -1 (Gre g ). In the notation in 1.8, since £ is a locally trivial fibration with fibre 
isomorphic to P™, we see that 

~ tf*(P?) ® Q, ~ Q,[-2|J|], 

JC[l,n] 

where JC [1, n] means that J runs over all the subsets of the set [1, n] = {1, 2, . . . , n}, 
and if*(P") denotes the graded space ® i if 2 *(P™, Qj) which we regard as a complex 
©jc[i n] 2| J|]. On the other hand, since rj is a finite Galois covering with group 
we have End^Q;) ~ Qj^n], the group algebra of S n over Q^. Thus r/^Qi is 
decomposed as 

where V\ is the irreducible ^-module corresponding to the partition A G V n , and 
C\ = Hom5 n (V\, rjxQi) is an irreducible local system on Gf eg . Thus we have 

(1.13.1) V*Q; - V*ZAi 

~fT'(P?)(8)77 # Q, 

- ©Va®A[-2|J|]. 

JC[l,n] Ae-P„ 

We have the following result (cf. [HI, Proposition 6.1, Proposition 6.2]). 

Proposition 1.14. n if Qi[dimG 1 ' 9 ] and (7ri)*Q;[dimGjf ni ] are semisimple complexes 
with S n -action. They are decomposed as 

(1.14.1) TT.QitdimG 4 *] ~if*(P?)® \/ A ®IC(G t9 ,£ A )[dimG te ], 

(1.14.2) (Tn^QjtdimGl] -^(P?)® ^ A (8)IC(O A .,Q0[dimO A .], 

AeP„ 



where 0\» is a certain H-orbit in G L9 ni , and the map A >->■ A . gives a bijective 
correspondence between V n and G i9 n J 

Proof. Put b = Lie£?,t = LieT and u = Lief/. Then 9 acts on b and u, and one 
can define b~ 9 , t~ 9 and vT 9 as in the case of g. Let t~ 9 be the set of t e t _e such 
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that all the eigenspaces of t have dimension 2, and put g rcg 
set of regular semisimple elements in g~ e . Put 



U^^t-V. the 



q- 6 = {(x,gB e ) e g- e x H/B 6 | Ad^)"^ G b~ e }, 
S„"n = ifrgB 8 ) G gj x H/B 6 \ Ad^x G u~% 



and define maps n' : g~ e — > g~ e , 7r[ : — >■ g"^ by the second projections. Let 
■0' : vr /_1 (0^,g) — >■ 0~ g be the restriction of ir' on vr /_1 (g~ g ). Then it is known by 
Henderson [HI, Proposition 6.1, Proposition 6.2], that V'*Qj) 7r *Qj an d ( 7r i)*Q« are 
described as in (1.13.1), (1.14.1) and (1.14.2) by replacing irreducible local systems 
C\ on G w by irreducible local systems C x on g~ e , and by replacing iJ-orbits in Gjf ni 
by //-orbits in g~ 6 . Note that dimC 6 = dimg~ e and dimGjf ni = dimjj"^. Let 
log : G iQ — > g~ e be the map defined in 1.7. Then we have the following cartesian 
diagram 



log 



0~ 



log 



where \og(gB e ) x) = (gB 9 , \ogx). It follows from this that (log)*(7r^Q;) ~ Tr*Qi- 
Moreover, one can check that this diagram induces an isomorphism 



G 



id 

reg 







x G i9 

re g g r "e| reg- 



it follows that log*(-?//Qi) ~ i/)*Qi, and in particular, we have log* (lC(g~ 9 , C x )) ~ 
IC(G" 6 ', C\) for each A G V n . Since 7r is a proper map, 7r*Qj is a semisimple complex 
on G" 6 . Then (1.14.1) follows from the corresponding result of Henderson. (1.14.2) 

also follows from the result of Henderson since log gives an isomorphism between 
Gland^. □ 



1.15. We consider the diagram 

T" e n-\Gf cg ) Gf cg , 

where a is a map defined by a (x,gB 9 ) = p{g _1 xg) (here p : B lB — >■ T" 9 is the 
natural projection). Take a tame local system £ on T" 9 (i.e, a local system £ on 
T w such that £® m ~ Q; for an integer m not divisible by p = chk), and consider 
the complex i/)*(Xq£ on Gf cg . Now the map ip is decomposed ijj = rj o £ as in (1.8.1). 
Accordingly, a lS aiSO decomposed as «o = ol\ o £, where cti : ^ z h{t l9 ) ji^o ^ 
H/Zh(T l9 ) x T r g g — >■ T te is a projection to the second factor. Since £ is a P™-bundle, 
we see that £*ag£ — if*(P") ® Since r\ is a finite Galois covering with group 
we have 

rj*a*£ ~ (J) p <g> £ p , 
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where Ag = End(?7*a;*£) and C p is an irreducible local system on Gf defined by 
C p = End_4 f (p, r)*al£). corresponding to the irreducible module p G Ag. Note that 
Ag is a twisted group algebra of the stabilizer Wg of S in S n . It follows that 

(1.15.1) ^a*S ~ ff(P?) ®p®C p . 
We define a complex K T: g on G w by 

(1.15.2) K T , e = ff(P?) <g> p® IC(G* £ p )[dimG*]. 
On the other hand, we consider a diagram 

where ct : G"' 6 ' — >■ T" 9 is given by a(x,gB 9 ) = p(g^ 1 xg). We consider the complex 
ir^a*? [dim G"- 61 ] on G te . The following result is due to Grojonowski [Gr, Corollary 
7.4] (see also [H2, Theorem 7.2]). 

Theorem 1.16. n*a*£[dimG l ' e } ~ Xt,£ as semisimple complexes on G l6 . 

1.17. Let i3 H = H/B e be the variety of Borel subgroups in H. For x G G t6> , 
put = {#5^ G £^ | g -1 ^ G 5 te }. In the case where x G Gjf ni , B% ~ vrf 1 ^). 
We shall describe the structure of 23^. First consider for a semisimple element 
s G G i6 . By Remark 1.3 (iii), there exists s' G T such that s' is ff -conjugate to 
s. Let = N H (T e )/T e be a Weyl group of H. For s' G T te , let = {w G 

Wij|w(s') = s'}, which is a Weyl group of Z H (s'). Put 

M s = {g G if | (T 1 ^ G £? tf? }. 

Then Z H (s) x f? 6 * acts on .M s from left and right, and we consider the set of double 
cosets Z H (s)\M s / B d . We note that this set is labelled by the set f = W H , S '\W H - 
Clearly it is enough to check this for the case where s = s' G T id . Then the claim 
follows from the following property. 

(1.17.1) Let s G T w . Assume that g^sg G B w for g G H. Then there exists 
gi G Zh(s) and w G Wh such that gB e = giwB e . 

We show (1.17.1). Since 9 BnZ G (s) is a ^-stable Borel subgroup in Z G (s) ) there 
exists a ^-stable maximal torus T' of Zq(s) contained in 9 B. Then by Remark 1.3 
(ii), there exists g x G Z H (s) such that 9l (BnZ G (s)) = 9 BnZ G (s) and that 9l T = V. 
Then s i 9 f? is a Borel subgroup of G containing T, and so 9l 9 B e is a Borel subgroup 
of H containing T e . Hence there exists w G W H such that gB e = g x wB 6 G B H as 
asserted. 
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Now we have 

Bf = {gB e e B H \ g'hg G B^ e } 
= ]J Z H {s) Xl B e /B e 

= ]]_Z H (s)/(Z H (s)nx 1 B e x- 1 ) 

= ]J Z B ( 8 )/B>, 
7er 

where x 1 G H is a representative of the double coset in .M s corresponding to 7 £ f. 
Moreover, _B 7 = Zg(s) n x^Bx~ l is a ^-stable Borel subgroup of Zg(s), and is a 
Borel subgroup of Zh(s). 

Next we consider the general case £>f^, where s is semisimple and u is unipotent 
in G" e . We have 

B? u = {gB e G B H I g-hg G B^\g~ x ug G B^} 

= ]]_{gB e G Z H {s)x 1 B e /B 6 \ g^ug G B' e }. 

7er 

By writing gi? 61 = g\X^B 6 with gi G Zh(s), the last formula turns out to be 

(1.17.2) Bf u = ]J{giB« G Z H ( 8 )/B> I g^u 9l G fl*} 

7er 

= II^ W , 

j<=r 

where B Zh ^ ~ Z H (s)/B^ is the variety of Borel subgroups of Z H (s). 
It follows from the above computation, we have 

(1.17.3) dimi^ = dim£f" (s) . 

Thus we have the following generalization of Lemma 1.11 (i). 

Lemma 1.18. For x G G i6 , we have dim£>^ = (dimZ^(x) — rank H)/2. 



2. H- ORBITS ON G™ ni X V 

2.1. We consider the action of H on the variety Gjf ni x V. By (1.7.2), the set 
of if -orbits in G^ ni x V is parametrized by the set V n ,2- We denote by = 0\ the 
iJ-orbit corresponding to A G V n £ (the explicit correspondence is described below). 
For a given (x, v) G G^ ni x V, we say that (x, v) is of type A if (x, v) G 0\. Let M n 
be the subspace of V spanned by e±, . . . , e n . Then A acts on M n naturally, and the 
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set of A-orbits in A uni x M n is parametrized also by V n ^- Let be the A-orbit in 
A uni x M n corresponding to A G V n ^- The correspondence -H- is given as 
follows ([AH, Theorem 6.1]); Take (y,v) E A uni x M n such that (y,v) E 0$. Then 
x = y6{y)~ 1 E Gun; and the iJ-orbit of (x,v) coincides with O^, 

On the other hand, for a given (y,v) E A mii x M n , the corresponding type is 
determined by the following procedure. Put E\ = {z E End(M n ) | zy = yz}. 
Then W = E\v is an y-stable subspace of M n . Let A 1 - 1 -* be the Jordan type of y\w, 
and A*- 2 -* the Jordan type of y\M n /w- Then A = (\^\ X^) gives the type of (y,v). 
In particular, dimE A v = dimW = |A (1) |. Let E x u = LieZ H (x) C g = End(V). 
Then E^v is an x-stable subspace of V. On the other hand, (x, v) is regarded as 
an element in G uni x V . Then it is easy to see that the G-orbit of (x, v) is of type 
AUA_= (A«UA (1) , A (2) UA (2) ) E V 2n ,2- We define E X G = {z E End(V) \ zx = xz}, and 
put W = EqV. Then If is a subspace of V containing EfjV with dim If = 2|A^|. 
We have the following lemmas. 

Lemma 2.2. W coincides with EfjV. Hence dim EfjV = 2|A^|. 

Proof. Let L be as in 1.4. Then L e = {ad(a) \ a E A} is a subgroup of H isomorphic 
to GL n , and E x g = Lie Z L e(x) C Efj. Let V = M n © M' n , where M' n is the subspace 
of V generated by /i, . . . , /„. One can find v' E M' n such that the type of (y', v') is 
A, where y' = 9{y)^ 1 E 6(A). Then there exists g E Lie Zh(x) such that gv = v'. 
We have E* e v = E y A v and E x g v' = EL A ,v'. It follows that EfjV contains a subspace 

E y A v © Eq^v' whose dimension is equal to 2|A^^|. Hence W = EfjV, and the lemma 
follows. □ 

Lemma 2.3. Let Oh(x, v) be the H -orbit of (x, v) E G^ ni x V , where (x, v) is of type 
X, andO H {x) the H -orbit of x E Gf ni . For A = (\^,\^) putn(X) = n(\^ + \^). 

(i) dim Oh(x, v) = dimOnix) +2|A^^|. In particular for 0\ = Oh(x,v) we 



(ii) Zh(x,v) is connected for any (x,v) E Gjf ni x V. 

Proof. We consider the linear map ip : Efj — > E^v given by g h- > gv. Then by 
Lemma 2.2, dim Efj — dimkery? = 2|A^^|. We note that 



We show (2.3.2). Let H + be the set of elements of H such that —1 is not contained 
in its eigenvalues, and f) + be the set of elements in f) = LieH such that 1 is not 
contained in its eigenvalues. Then H + (resp. f) + ) is open dense in H (resp. f)). 
By the Cayley transform, / : Z 4 (/ + Z)(I — Z)~ x gives a bijection from f) + to 
H + . The inverse f~ l is given by z \- > (I + z)~ l (I — z). Then the map / induces 
a bijection from kery? fl f) + onto Z H (x,v) fl H + . Since kenp fl f) + is open dense in 
ker<£>, and Z H (x,v) fl H + is open dense in Z H (x,v), we obtain (2.3.2). 



have 



(2.3.1) 



dimC A = 2n 2 - 2n - 4n(A) + 2|A (1) 



(2.3.2) 



dimkery9 = dim Zh(x, v). 
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By (2.3.2) and by dimE^ = dim Z H (x), we have dim Z H (x,v) = dimZ H (x) — 
2|AW|. It follows that 

dim Oh(x,v) = dim if — dim Zh(x, v) 

= dim H — dimZ H (x) + 2|A (1) | 
= dimC^(:r) + 2|A (1) |. 

Now (2.3.1) follows from Lemma 1.11 (iii) since the Jordan type of x is 
This proves (i). 

(ii) follows from the proof of (i) as follows; since ker(/? n f) + is connected, 
Z H (x, v) fl H + is also connected. Since Z H (x, v) D H + is open dense in Z H (x, v), we 
see that Z H (x,v) is connected. □ 



2.4. We fix an isotropic flag (0 = M C M\ C • • ■ C M n ) whose stabilizer in H 
coincides with B e , where Mj is the subspace of V spanned by ei, . . . , e*. By fixing 
an integer m such that < m < n, we define 

^n,uni = {(x,v,gB e ) G Gl x V x I j?" 1 ^ G G M m }, 

* m , uni = |J g(U w x M m ). 

g&H 

and a map 7r( m ' ) : X m uni — >■ G(f ni x V by Trj" 1 ^, t>, 5 61 ) = (rr,t>). Clearly ImTrl" 1 - 1 = 
^m,uni- in the special case where m = n, we simply write A" nun i, A" nun i, 7r["^ as 
A" uni , X un i, tt 1 . X„ huni is smooth and irreducible since X m uni ~ iJ x b£ * (£/ t < 9 x M m ). 
Moreover, we have 

(2.4.1) dim^ m)Uni = dim H/B 6 + dimU id + m = 2n 2 - n + m. 

In order to obtain the dimension estimate for vr 1 " 1 (x, v), we consider the Steinberg 
variety defined as follows: 

Z = {{x,v,gB e ,g'B e ) G x V x x H/B e 

| (x,v,gB e ) G ;t uni , (x,v,g'B e ) G ^ uni }. 

Let i/ H = dim [J = n 2 . Let W n = N H (T e )/T e be a Weyl group of if ~ Sp 2n , the 
Weyl group of type C n . We have the following lemma. 

Lemma 2.5. (i) The irreducible components of Z are parametrized by w G W n , 
and have dimension 2uh- 
(ii) Let Tii : A" uni — > G^ ni x V. For any (x,v) G we have dim7rf 1 (a;, f ) < 
is H -dimOj2. 
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(iii) Let c M be the number of irreducible components of n 1 1 (x,v) for (x,v) G C M 
whose dimension is equal to u H — (WmO^/2. Then we have 

E C l<\ W nY 

Proof. Let p : Z — > H/B x H/B e be the projection to the last two factors. For 
each w G W n , let X w be the iJ-orbit of (B e ,wB e ) in x H/B e . We have 

H / B e x H / B e = Yiwew X w . Put Z w = p _1 (X w ). Then Z w is a vector bundle over 
X w ~ iJ/fi 6 n wB e w- 1 with fibre isomorphic to (£/ te n w^w" 1 ) x (M n n w{M n )). 
Let 6 m be the number of % such that w^ 1 (ei) G M n . Then dim(M„ n w(M n )) = b w . 
By counting the root vectors in U i6 ', we see that dim([/'' 9 D wU^w' 1 ) = dim(U n 
wU e w~ v ) — b w . It follows that 

dim Z w = dim if - dim T e = 2z/ H . 

This implies that the set {Z TO | w G W^} gives rise to the set of irreducible compo- 
nents of Z, any of their dimension is equal to 2uh- Hence (i) follows. 

Let / : Z — > G L0 ni x V be the projection to the first two factors. For each f/-orbit 
O of G^i x V containing (x,v), the fibre / _1 (C?) is isomorphic to a locally trivial 
fibration over O with fibre isomorphic to n^ 1 (x,v) x 7rf 1 (a;,f), i.e., we have 

r\0) ~ if x z "^ (Trr^^u) x n^(x,v)). 

It follows that 

dim/ _1 (0) = 2dimvr 1 - 1 (a;,t;) + dimC < 2u H . 

(ii) follows from this. 

We have Z = U M e-p„ 2 Take (x, t>) G (9 M and let f M be the set of 

irreducible components of dimension i/# — dim(9 M /2 of 7rf 1 (x, t>). Z H (x,v) acts on 
7r _1 (a;, t>), which stabilizes each irreducible component of 7rf 1 (a;,f) since Z H (x,v) is 
connected. For X, Y G f M , H x Zr ( x ^ (X x F) gives an irreducible subset of / _1 ((9 M ) 
with dimension 2i/#. It follows that its closure gives an irreducible component of 
/^(C^), and that the number of irreducible components of of dimension 

2v H is bigger than or equal to |f M | 2 = c 2 . The inequality in (iii) follows from this. □ 

More generally, we have the following dimension estimate for (7r( m ' ) ) _1 (:r, v ) for 
(x,v)eGt i xV. 

Corollary 2.6. Let X = ((m), (n — m)) G 7-^,2- £e£ (x, t>) G and assume that 
H < X (see 1.7). Then 

(2.6.1) dim(7ri m) ) -1 (a;,u) < 2n(n)+n- 

= (dim £> A - dim £> M ) /2 + (n - m) . 
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Proof. By Lemma 2.5 (ii) and Lemma 2.3 (i), we have 

dim(7rj n) ) _1 (a;,u) <v H - dimC M /2 
= 2n(/x) +7i- 

Clearly (7rf n ' > )~ 1 (:r, t>) C (7r^) _1 (rr, t>) and so dim(7r["^) _1 (a;, t>) < dim(7rf^) _1 (:r, t>). 
Then (2.6.1) follows from the above inequality by noting that dim 0\ = 2n 2 — 2n + 
2m. □ 

By making use of Proposition 2.6, we have the following result. The assertion 
(ii) is known by Kato [Kal, Theorem 1.2]. 

Proposition 2.7. (i) Let X = ((m), (n — m)) G V n ^- Then 7r[ m ^ is a map from 

<^-m,uni Onto X mun [ O "\ . 

(ii) In the case where m = n, X uni coincides with 0\ with A = ((n),—). The 
map 7Ti : X uni — > X uni gives a resolution of singularities. 

Proof. We show (i). By Corollary 2.6, for each (x,v) G (D\, dim^"^) -1 ^, v ) < 
n — m. We may assume that x = y9(y)^ 1 for y G A uni . Put 

X = {(x,v,gB e ) G (vr^)- 1 ^) | gM m = E\v}. 

Put V m = E\v. Then x\ Vm G GL m is of type (m), and z| v ± /Vm G 

type (n — m). It follows that X ~ ^'^(^Iv^) x 7r 'T 1 ( ;r lv^/y m )) where 7r" is the map 
defined as in 1.10 replacing n by n — m, and 7r[ is a similar map with respect to 
GL m . It follows, by Lemma 1.11 (iii) that X is irreducible with dimX = n — m. 
Hence we see that dim(7r[ m ^) _1 (a;, v ) = n — m. Since (x,v) G Im7r[ m \ we have 
O x C Im^" . It follows that dim(7rj m) )- 1 (C A ) = dim O x + (n-m) =2n 2 -n + m. 
Hence by (2.4.1), the closure of (^"^^(Ox) coincides with X mjU ^. This implies 
that X m>uni = (7rj m ' ) ) _1 (C) A ), and so Imn^ = 0\ as asserted. 

Next we show (ii). By (i), X uni = 0\. We have dimA^; = X uni , and X uni is 
smooth, 7Ti is proper. Hence in order to show that 7Ti is a resolution of singularities, 
it is enough to see that the restriction of 7Ti gives an isomorphism n^ 1 (0\) 0^.O\. 
We know that dim 7r 1 " 1 (a;, v ) = for (x,v) G by Lemma 2.5 (ii). We consider 
the map / : Z — >■ in the proof of Lemma 2.5. Since /~ 1 (Oa) is open dense in 
2, it is irreducible. It follows that for (x,v) G Ox, TTi 1 (x,v) consists of one point. 
Since f^^Ox) is a principal bundle with fibre 7r 1 ~ 1 (x,f) x 7r 1 " 1 (x,f), we see that 
O x ^ r {0\) - K^iPx). This proves (ii). □ 

3. Intersection cohomology on GtL x V 

leg 

3.1. We consider the variety G lQ xFon which iJ acts diagonally. We define 
an isotropic subspace Mj of V by Mj = (ei, . . . , e,) for « = 0,1, ... ,n. Thus the 
stabilizer of the isotropic flag (Mj) in H coincides with B 9 . For < m < n, we 
define varieties 
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X m = {(x,v,gB e ) G G ie x V x H/B 9 \ g- l xg G B* ,g~ x v G M m }, 
X m =\J g{B a X M m ). 

We define a map : X m ^ G i9 xV by ^ m \x, v, gB 9 ) = (x, v). Clearly Im ^ = 
X m . In the special case where m = n, we write X n , X n and by X, X and n. 

Since A" m ~ iJ x B (B i9 x M m ), A" m is smooth and irreducible, and ix^ is a 
proper map. Hence X m is a closed irreducible subset of G l9 x V. The dimension of 
A" m is computed as follows; 

(3.1.1) dim^ m 



We also define varieties 

y m = {(x,v,gB e ) G G? eg xVx H/B 6 \ g^xg G Bf cg ,g~ l v G M m }, 
y m ={J g(Bf eg x M m ), 

and a map ip {rn) :y m ^G L9 xV by ^ m \x,v,gB e ) = (x,v). Clearlyjm V> (m) = y m . 
As before, in the case where m = n, we write y m , y rn and as y, y and ip. As 
in 1.8, y m can be expressed in the following form. 

(3.1.2) y m ^Hx Be (Bf cg xM m ) 

~ H x*nz B {T") (Tf cg xM m ). 

3.2. For a vector v = X^=i a * e * °f M n , put supp (v) = {i \ ai ^ }. For 
a subset / of [l,n] = {1, . . . , n}, put Mj — {v G M n | supp (t>) = /}. As in 1.8, 
Z H {T i9 ) is isomorphic to 5*172 x • • • x SL 2 , and under this identification B 9 nZ H (T w ) 
corresponds to B 2 x • • • x B 2 . Note that the action of B 6 D Z h (T l9 ) on M n is given 
by the action of its T 9 part. Hence Tf eg x Mj is B 9 n Z H (T te )-stable. Under the 

expressing (3.1.2) for 3^, we define, for I C [l,n], a subvert 3^/ of 3^ by 

tt-tfx 5 ^^ 9 ) (T^xM,). 

We define a map : >V -> 3 ; by (x,v,gB 9 ) Then Im^/ = U g e# fl^reg x 

M/) coincides with y^ = y m \y m -i f° r m — \I\, which depends only on m. For 



= dim H/B 9 + dim B i9 + m 
= dim U e + dim B l9 + m 
= dim£/ + dimT te + m 
= 2n 2 + m. 
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/ C [l,n] we define a parabolic subgroup Z H {T Le )j of Z u ^T l6 ) by the condition that 
the i-th factor is B 2 if % G /, and is SL 2 otherwise. Since Zi?(T t0 )/ stabilizes Mj, 
one can define 

3? 7 = J ff x z ^)' (T^xMj). 
Then the map factors through 3^, 

(3-2-1) : ft ft 3ft, 

for |J| = to, where under the expression in (3.1.2), the map is the natural sur- 
jection, and the map r]i is given by g * (t,v) 1— > (gtg~ 1 ,gv) (g * (t,v) denotes the 
Z H (T id ) /-orbits of (g, (t, v)) G H x (T; c e g x Mj)). Then & is a locally trivial fibration 
with fibre isomorphic to 

(3.2.2) Z H (T%/(B e n ^(T te )) ~ (SL^) 7 ' ~ Pf, 

where I' is the complement of I in [l,n], and (SL2/B2) 1 ' denotes the direct product 
of SL 2 /B 2 with respect to the factors corresponding to I', and similarly for Pf . 

Thus pf ~ pr' 7 '- 

Let 5/ ~ S|/| x S^/i be the subgroup of S n stabilizing the set I. Then Wi = 
Nh{Zh{T w )i) I 'Zn(T id }i is isomorphic to Sj. In the case where / = [1,to], we put 
Si = S m , and Wj = W m for m = (to, n — to). Thus W m ~ S'm ~ 5 m x S n - m under 
the natural isomorphism W — S n in 1.8. For / C [1, n], Wj acts on 3^/ and 3^/ since 
T r <f g x Mj is stable by N H (Z H (T i6 ) I ). Now the map to : ft ->■ 3ft can be identified 
with the finite Galois covering with group Wj, 

(3.2.3) ft yj/Wj ~ 3ft. 

We have the following lemma. 

Lemma 3.3. Let the notations be as before. 

(i) y m is open dense in X rn , and y m is open dense in X rn . 

(ii) dim X m = dim^m = 2n 2 + to. 

(iii) dim X m = dim y m = (2n 2 + to) — (n — to) . 

(iv) 3^ = LIo<m<n ftn gives a stratification of y by smooth strata 3ft, and the 
map ip : y — >■ y is semismall with respect to this stratification. 

Proof. Since y m ~Hx B ° (Bf cg x M m ), and Bf cg x M m is open dense in B i6 x M m , y m 

is open dense in X m . Since ^/ m ) is a closed map, and since y m = {t^^) -1 {y m ) , we 
see that y m is open dense in X m . So (i) holds, (ii) follows from (3.1.1). By using the 
decomposition ipj — rjj o for / = [1, to], we see that dim 3^™ = dim^m + (n — m). 
Hence (iii) follows. For (iv), 3m- 1 is closed in y m , and 3ft is an open dense smooth 
subset of 3m by the description of 3.2. Hence it gives the required stratification. 
Since dimip^^x, v ) = n — to for (x,v) G 3ft by 3.2, we have dim-^ _1 (x, v ) = 
(dim 3^ - dim 3ft) /2 by (iii). Thus (iv) holds. " □ 
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3.4. For < m < n, we define y+ as Then by 3.2, we have 

y£i = 11/ yii where I runs over the subsets of [l,n] such that |/| = m. Yj are 
smooth and irreducible, and they form the connected components of y+. Since 
y = LIo<m<n yL w e have^S 5 = U < m <„ In the case where I = [1, m], we denote 
Mi by M^, and denote 3^/ by 3^- -^m * s an open dense subset of M m , and 3^m is 
an open dense subset of y m . By (3.1.2), W acts on 3^, which leaves 3^ stable for 
any m. Then we have 

(3.4.1) y+= ]\ y I= ]J w(y°J. 

/C[l,n] «/ew/w m 
|/|=m 

We denote by ?/> m : 3^ — ^ the restriction of ip on y+. Then ^ m is W-equivariant 
with respect to the trivial action of W on 3^„- 
We consider the diagram 

T W y ^ 

where ao : y — > T Ld is given by ao(x,v,gB e ) = p(g~ 1 xg). Let £ be a tame local 
system on T te , and we consider the complex ip^a^E on 3^- One can define a map 
a/ : 3 7 / — >■ T^ 6 * compatible with a with respect to the inclusion 3^/ ^ 3^- Then by 

(3.4.1) , we have 

(3.4.2) 0>m)*a* £\y+ ~ (^),aJ5. 

JC[l,n] 
|/|=m 

We define a map /3 7 : 3>j ->■ T w hy g* (t, v) ^ t. Then ctj^fto^. Let £/ = 
be a local system on 3^- and W^ 7 the stabilizer of 5/ in Wj. In the case where 
/ = [l,m], we put Wfj = W m ,£. Also put W £l = W £ for I = [l,n]. We acts on 
(ip m )* a o^\y+ as automorphisms of complexes, and permutes each direct summand 
(ipi)*a}£ according to the permutation of the sets / by S n . Put End((?7j)*£j) = A £l . 
Since rji is a finite Galois covering with group W/, {r]i)*£i is decomposed as 

(3.4.3) {Vi)*£i- P®£ P , 

where C p = Hom(p, (rji) *£f) is a simple local system on y^. We note that A £l is 
canonically isomorphic to the group algebra Q/fW^]. In fact, by [L3, 10.2], A £l is 
a twisted group algebra of W £l . However, in the case where £ is the constant sheaf 
Qi, Asj is canonically isomorphic to the group algebra QJW/]. In the general case, 
there exists a canonical embedding A £l ^ A^^ — Qj[Wj], and this implies that 
As j is the group algebra (see [L4, 2.4]). 
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3.5. Since ip m is proper and yj is closed in 3^+, ipj is proper. Hence £/ is also 
proper. Since £/ is a P{' bundle, we have (f/)*a}£ ~ 77*(Pf ) ® 5/. It follows that 

(3.5.1) (4>i)*a*£ ~ (77/).(0).a?^ - #"(P(') ® 

Now P[' is the flag variety of the group {SL 2 Y whose Weyl group is isomorphic 
to (Z/2Z) 1 . Let T 2 be a maximal torus of B 2 . Then SL 2 /T 2 is a vector bundle 
over SL 2 /B 2 , and (Z/2Z) 1 ' acts on if'(P(',Q,) ~ H'((SL 2 /T 2 Y' , Q,) naturally 
(the Springer action of (Z/2Z) 7 ' on (SLs/^) 7 '). We put „4 f/ = A„,£ if 7 = [l,m], 
and put ^4 f/ = „4g if J = [l,n]. Then *4. m ,£ is a subalgebra of ^4f. Recall that 
W n = S n K (Z/2Z) n isjhe Weyl jroup ofjype j7 n , and put W = W x (Z/2Z) n . 
We define a subgroup W £ (resp. of W by W £ = W £ x (Z/2Z) n (resp. = 

W £/ x (Z/2Z) n ). We define an algebra .4 £ by ,4 f = Qj[>V £ ]. Similarly we define 
It follows from the above discussion that Ae t acts on (if)i)*a}£. (The action of ^4f 7 
on (rji)*£i is the trivial extension of the action of Ae i: and that of As, on 77* (Pf) 
is obtained from the action of (Z/2Z)™ together with Ae n where (Z/2Z) 1 acts as 
defined above, and (Z/2Z) 7 acts trivially). We put A m £ = As, for I = [l,m]. Then 
in view of (3.4.2), (3.4.3) and (3.5.1), we see that 

(3.5.2) (M*<4£\y+- Ind^ £ (/7-(Pr m )®p)®£ p , 

where p is regarded as a ^4 m £-module through the trivial extension from A m ^ 
to An, f , and 77 , (P? _m ) is regarded as a S„_ m x (Z/2Z)"- m -module through the 
Springer action of (Z/2Z)"~ m and the S n - m action arising from the permutations 
of factors Pi. 

The group is decomposed as Wi x W 2 , where Wi (resp. W2) is the stabilizer 
of £ in Sj (resp. 5//) under the isomorphism Wi — Si x S//. Accordingly, the algebra 
*4 mj £ can be decomposed as A m ^ ~ <E> .4.2; where ^ (resp. .4 2 ) is the twisted 
group algebra of Wi (resp. W2) for 7 = [l,m]. Then an irreducible .4 mi £-module 
p can be extended to an .4 mi £-module p', where Z/2Z acts trivially on A m ,e if it 
belongs to 7, and non-trivially if it belongs to V . We denote by V p the induced 
^-module As <S> j p'- 

We show the following result. 

Proposition 3.6. ip* a Q^[dn\ is a semisimple perverse sheaf on y, equipped with 
As-action, and is decomposed as 

^a* £[d n }~ V p ®IC(y m ,£ p )[d m ], 

0<m<n p£A^ £ 

where d m = dim^m- Moreover, lG(y m ,£ p ) is a constructible sheaf on y m . 
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Proof. For each m < n, let ip m be the restriction of ip on V ;_1 (3^m), and £ m be the 
restriction of ccq£ on -^"HXn)- The following fact holds. 

(3.6.1) For each to, lC(y m , C p ) is a constructible sheaf on y m , and we have 

@jj m [d m ] ~ indf (F-(pr m )® P )®ic(^ m ,/: P )[rf m ] 

© V p ®IC(y m ,,£ p )[d m ,-2(n-m)] 

0<m'<mpG.4 A , 

— ^ m' ,£ 

where ^4 m; £-module H'(P™~ m ) <8> p is given as in (3.5.2), ^-module V p is as in 3.5. 
Note that (3.6.1) for to = n implies the proposition. First we show that 

(3.6.2) lC(y m ,C p ) is a constructible sheaf on y m . 

Recall the map to : y m — > y^. We define a variety y m by 

y m = Hx z ^ T ^ (Ijxlj), 

where Mj is the closure of Mj in V. We define a morphism : y m — > y m by 

g * (t,v) i — y (gtg~ x , gv). Then tJ 7 is a finite morphism and y m is smooth. Let 

/?/ : y m —> T id be the map defined by g * (t, v) h-> t, and put 5/ = /?j£. Then 
is a perfect sheaf in the sense of [L2, (5.4.4)]. In particular, (rjj)*£i is a 
direct sum of intersection cohomology complexes on y m which are constructible 
sheaves. Since (rji)*£i\yo = (to)*£/, we see that lC(y m ,C p ) coincides with one of 
the simple direct summands in (r)j)*£i. Hence (3.6.2) holds. 
For each to, m = (m, n — to) and < i < n — to, define 



£ m - 

JC[l,n—m] 
\J\=i 

Then the formula in (3.6.1) is equivalent to the following formula. 

(3.6.3) & m )J m ~ \C{y m ,C m ,)[-2i}® \C{y m ,,C m .)[2m'-2n\. 

0<i<n—m 0<m'<m 

We show (3.6.3) by induction on to. In the case where to = 0, (3.6.3) follows 
from (1.13.1). Assume that (3.6.3) holds for to. Since ip m+ i is a proper map, by 
the decomposition theorem (i/; m+1 )*£ m+ i is a direct sum of the complexes A[i] for 
various simple perverse sheaf A on y m +i- Suppose that supp A is not contained 
in y m . Then supp A fl 3^+i an d appears as a direct summand in 
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the decomposition Ub m )*at£\yj+. It follows, by (3.5.2), that A\ y o coincides with 

\ / U ' .y m m-\-l 

C p for some p G A m +i,£ with m + 1 = (m + l,n — m — 1). Hence A coincides 
with IC(X«+i, £p)[d m+ i\. This implies that the direct sum of A[i] appearing in 
(VWi)*£m+i such that supp A n y^ +1 ^ is given by 

(3.6.4) IC(y m+ i,A B+ i,i)[-2i]. 

0<i<n— m— 1 

Next suppose that supp A C 3^m- Then appears as a direct summand of the 
semisimple complex (ip m )*£ m [d m }. By induction hypothesis, the complex (-^ m )*£ m 
is decomposed as in (3.6.3). Comparing (3.6.3) and (3.6.4), and by using (3.6.2), 
we see that each factor lC(y m /, C m >)[2m' — 2n] in (ip m )*£ m for < ml < m ap- 
pears in (^ m+1 )*£ m+ i as a direct summand. Moreover, wee that R 2l {%l) m+1 )*£ m+ i = 

IC(3^ m +i) £ m +i,i) an d R 2l {ip m )*£ m = lC(y m , C m ,i) for < i < n — m. Hence we have 
lC(y m+1 , £ m+1;i )\y m = lC(y m ,C m>i ). It follows that each factor IC(^ m , C m ^[-2i\ 
in (3.6.3) for < % < n — m is absorbed to lC(y m+1 , C m+1:i )[—2i] in (3.6.4). This 
shows that (3.6.3) holds also for m + 1. Hence (3.6.3) is proved and the proposition 
follows. □ 



4. Intersection cohomology on G Ld x V 

4.1. We keep the notation in Section 3. In view of Proposition 3.6, we define 
a semisimple perverse sheaf Kt,e on X by 

(4.1.1) K T>£ = V p ^lC(X m ,C p )[d m }, 

0<m<n p€A^ £ 

which is the DGM-extension of ij)*aQ£[d n ]. We call IC(X m , £ p )[dim X m ] extended 
by to X, for various p G -4. m ,£, character sheaves on X = G id x V. We consider a 
diagram 

T Ld X X, 

where a : X — > T w is defined by a(x,v, gB d ) = p(g^ 1 xg). For a tame local system 
£ on T 1,9 , we consider a complex ir*a*£ on X. The following result is an analogy of 
Theorem 1.16. 

Theorem 4.2. 7r*a*£[dim X] ~ K T£ as perverse sheaves on X. 

4.3. The theorem will be proved in 4.9 after some preliminaries. For each 
m < n, put X^ = X m \X m -i. The set X^ is described as follows; First consider the 
unipotent part X^ uni of X^. Since X mtUn i is the closure of 0\ with A = ((m), (n—m)) 
(see Proposition 2.7), we see by using (1.7.3) that 
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(4.3.1) X^ uni is the union of such that fi = (fj,^\ fj,^) with ^ = m, for the 

partition ^ : ^ > ^ > • • • ■ In particular, (x, v) is contained in X^ if and only 
if dim k[x]v = m, where k[x]v denotes the subspace of V spanned by v, xv, x 2 v, 

More generally, consider (x, v) G G L ° x V . Let x = su be the Jordan decomposi- 
tion of x G G w and consider the decomposition V — V\ © • • • © V t into eigenspaces of 
s. Then Zq(s) ~ GL 2ni x • • • x GL 2nt with dim I 7 ; = 2n«. Put Gj = GL 2ni for each 
«. Then Zq{s) is ^-stable, and 6? stabilizes each factor so that Zh(s) ~ x • • • x G( 
with Gf ~ S'p(Vi). Let i> = t> i H — • + i> t be the decomposition of v E V with t>j G V*. 
Let Ui be the restriction of u on VJ. Then (ui,Vi) G Gf x l^. We denote by X^.'® ni 
the subvariety of Gf uni x Vi defined in a similar way as X^ uni for Gjf ni x V. Then 
we have 

(4.3.2) (x, v) is contained in X^ if and only if {u^Vj) G A^uni w hh X^=i m i = m - 

For each (x,v) G G" 9 x V, let (ui,Vi) be defined as above. We define a subspace 
W = W(x, v)ofVbjW = k[ui]vi © • • ■ © k[u t ]v t . Thus W is an isotropic, x-stable 
subspace of V containing v. Then (4.3.2) can be rewritten as 

(4.3.3) X Q m = {(x, v) G G Ld x V | dim W(x, v) = m}. 

Recall the map tt : X — > X. For an integer < m < n, we define a locally closed 
subvariety of X by X+ = n~ l (X® n ). Then is open dense in X^\ and 3^+ is 
an open subset of X+. For (x, v, gB e ) G we define its level I C [1, n] as follows; 
assume that (x, v) G B i6 x M n and that x = su, the Jordan decomposition of g with 
s 6 f e . Then M n is s-stable, and is decomposed as M n = Mn} © • • • © M n l ], where 
Mn] = M n D Vi is a maximal isotropic subspace of V*. Note that M n =(e±,..., e n ). 
Since {e^} are weight vectors for T, M n l j has a basis , e j2 • • • , with ji < j 2 < 
• • • < jni- Let (ui,Vi) be as above, and assume that dimk[-Uj]t>j = mj. Let us define 
a subset Ii of {ii,---,J ni } by choosing first numbers. Hence = We 
define / = ]Ji^- Since (x, t>) G A^, we have |/| = m. Note that the attachment 
(x,v) i — ^ / depends only on the _B e -conjugate of (x,v). Thus we have a well-defined 
map (x,v,gB e ) h-> /. We define a subvariety A} of A+ by 

£ = ^ e ) G I (x,v,gB e ) H- /}. 

We show the following lemma. 
Lemma 4.4. decomposed as 

7C[l,n] 
|/|=m 

where Xj is an irreducible component of X+ for each I. 
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Proof. It is clear from the definition that X+ is a disjoint union of various Xj, and 
that Xj contains 3^/- One can check that 3^/ is open dense in Xj. Since y+ = ]Jj 3^/, 
and y+ i s open dense in X+, X+ = 1J/^ gi ves a decomposition into irreducible 
components, where is the closure of 3^/ in Hence in order to prove the 

lemma, it is enough to show that Xi is closed in X+ for each I. But one can check 
that the closure Zj of Xj in X is contained in the set XjV}\} v Xjr, where I' runs over 
the subsets of [1, n] such that \I'\ < m. Hence Xj = Zj D X+ is closed in X+. □ 

4.5. For a fixed m, we define a variety Q m by 

£ m = {(^, W) | (x, -u) G G t9 x V, W : isotropic subspace of V, 
dim W = m, x(W) — W,vE W}. 

We define a map 7r m : — > G i6 x V by the restriction of n. Then 7i m can be 
decomposed as 

7r m : ^ Q m G^ x V 

where ip' : (x,v,gB 9 ) i— >■ (x, t> , VF(x, t> )), <//' : (x,t>, VF) h-> (x, t>). Let us consider the 
spaces W = M m and F = W^/Wb- We put G x = GL(W ), G 2 = GL(V ). Then 
V has a natural symplectic structure, and G 2 is identified with a ^-stable subgroup 
of G. Put H = Gi x G%. We define a variety 

H m = {(x,v,W,<j> u <h) I W) G On, 

0i : W 2j.W ,<f)2 ■ W L /W 2^V (symplectic isom.) }, 

and morphisms 

q'Mm-tGm, {x,v,W,^ 1 ,^> 2 )\-^{x,v,W), 

a :Urn ->■ Gi X Gjf , (x, V, W, 01, 2 ) ' ^ (0l(x| H /)0 1 " 1 , 2 (x| W x /PF )0 2 _1 ) . 

Then H x H acts freely on "H m by 

(g,( h i,h 2 )) ■■ (x,v, w, 0i,02 ) >->■ (gxg~ 1 ,gv,g(w),h 1 (f) 1 g~ 1 ,h2(j)2g~ 1 ) 

for g E H, (hi,h 2 ) G ifo- Moreover, a is if x ii -equivariant with respect to the 
natural action of if and the trivial action of if on G x x Gif. We have 

(4.5.1) The map q is a principal bundle with fibre isomorphic to ifo- 

(4.5.2) The map a is a principal bundle with fibre isomorphic to H. 

In fact, (4.5.1) is clear. We show (4.5.2). Since H acts freely on 7f m , preserving 
each fibre, it is enough to show that each fibre consists of a single if -orbit. For a 
fixed (x', x") G Gi x GJf , the fibre <t _1 (x', x") is determined by the following process; 

(i) choose an isotropic subspace W of V such that dim W = m, 



24 



SHOJI AND SORLIN 



(ii) for each W, choose an isomorphism <p 1 : W — > W and a symplectic isomor- 
phism 02 : W ± /W ->• Vq, 

(iii) choose x G G te such that 0i(x|vf)0i~ 1 = x ' ■> 4 > 2(x\w ± /w)4 > 2 1 = x " ■> 

(iv) choose v G W . 

Let P be the stabilizer of the flag (W C Wq) in G. Then P is 0-stable, and 
is decomposed as P = LUp, where L is a ^-stable Levi subgroup of P containing T 
and Up is the unipotent radical of P. For (i), such W are parametrized by H/P . 
For (ii), they are parametrized by G\ x G 2 . For (iii), x should be contained in 
P , but x', x" determines the part corresponding to L id . Hence the choice of x is 
parametrized by Up. Finally, for (iv), v is any element in W. It follows that each 
fibre <t _1 (x',x") is irreducible with the same dimension as H, and so it consists of a 
single if-orbit. Hence (4.5.2) follows. 

Let P>i is a Borel subgroup of G\ which is the stabilizer of the flag (M fc ) <fc< m 
in G\, and B 2 a ^-stable Borel subgroup of G 2 which is the stabilizer of the flag 
(M m+1 /M m C • • • C MijM m ) in G 2 . Put 

Gi = {(x^Si) G Gi x G 1 /B 1 | £ _1 x£ G B ± }, 
G* = {(x,gB 2 ) G GJf x G$/fl« | 5^x5 G fl*}, 

and define maps n 1 : Gi — >■ G±, ir 2 : G t61 — >■ G t61 by first projections. Thus n 2 is the 
map 7T given in 1.8 with respect to G 2 , and n 1 is the corresponding map for G 1 . We 
define a variety 

= {(x,v,gB d ,^,(l> 2 ) I (x,v,gB 9 ) G 

0x : H/(x,t;)^H/o,0 2 : W(x, v)^/W{x,v) ^F }, 

and a map g : — >■ Af+ by a natural projection. We define a map cr : — >■ Gi x G 2 
as follows; take (x,v, gB 6 , (pi, <fi 2 ) G By the construction of W(x,v), W(x,v) 
is contained in g(M n ), and (g(Miz))o<k<n is an x-stable isotropic flag in V. Then 
(W(x, u) fl g(M k )) gives an x-stable flag (H / fc)o<fc<m in W(x, i>), and (W(x,v) + 
g(Mk)/W(x,v)) gives an x-stable isotropic flag (V^) <^< n -m in W(x, v) ± /W(x, v ). 
We denote by g\B\g^ x the stabilizer of the flag (4>i(Wk)) in Gi, and by g 2 B e xl 2 g 2 1 
the stabilizer of the isotropic flag (02(V^)) in \/ - The map a is defined as 

(x, v, gB e , 0i, 2 ) 1— >■ (M x \w(x,v))<Pi\ ffi-Bi), (02(a:|iy(x^)i/H/(x,t,)02 \ 
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(4.5.3) 



G 1 x G' e Z,; 



Gi x Gf ^ 



G t(y x V, 

where the maps tp', a are defined naturally. Note that T id can be written as T id ~ 
T x xTf, where is a maximal torus of Gi (the diagonal group), and T 2 is a ^-stable 
maximal torus of G 2 (the diagonal group). We fix an isomorphism / : T i6 — > T\ xT 2 lfl . 
The maps a 1 : G l ->■ Ti, a 2 : G 2 e ->■ G 2 e are defined as in 1.15. 

4.6. Let £ be a tame local system on T id . Under the isomorphism / : T lB — > 
Ti x Tg 6 *, £ can be written as £ ~ £1 Kl £ 2 , where £1 (resp. £ 2 ) is a tame local 
system on 7\ (resp. Tf). Then we have W m , £ ~ (S^)^ x (S'„_ m ) £2 , where (S^)^ 
is the stabilizer of £1 in S* m ~ Wi = Nq 1 {Ti)/Ti, and (S n - m )£ 2 is the stabilizer of 
£2 in 5„_ m ~ W 2 = iV G e(T 2 tf? )/Z G e(Tf). Let ^ be the algebra defined in 1.15, by 
replacing G i6 by Gf, and let be the corresponding algebra for G\. Then we 
have A m ,£ — Ae l ® ^ . 

For pi E Az v p2 G Ag 2 , we consider the complexes 



K x = 10(^1,^) [dim Gi], K 2 = IC(G 2 e ,£ P2 )[dimGf 

Then K x Kl i^ 2 is an JT -equivariant simple perverse sheaf on G\ x GJf, and so 
a*(Ki M K 2 )[2n 2 + n] is an JT -equivariant simple perverse sheaf on % m by (4.5.2). 
Since q is a principal bundle with group H by (4.5.1), there exists a unique simple 
perverse sheaf A p on C? m such that 

q*(A p )[m 2 + 2(n - m) 2 + (n - m)] ~ ^(fTi K K 2 )[2n 2 + n], 

where p = pi (g) p 2 G £ under the isomorphism A m £ ~ ^4^ ® *4.£ 2 . 

Note that the map <p' : A"+ — >■ £ m is not surjective. The image ip'(X+) is 
described as follows; for each ml < m, we define a subvariety Gm,m' of C/ m by 

0m,m' = {(X,V,W) e Q rn \ &\m.W(x,v) =m'}. 

Then Q m = \l < m ,< m Gm,m> gives a partition of C/ m , and the closure of Q m<m i is a 
union of 6m,m" with m" < m'. Put = G m , m . Then ^ is an open dense subset of 
Q m . It is clear from the definition of <p' that (p'(X+) coincides with Q^. We denote 
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by A° p the restriction of A p on Q^, which gives rise to a simple perverse sheaf if the 
support of A p has a non-trivial intersection with Q^. 

Let C p be the local system on as in (4.1.1). Since 3^ is an open dense 
subset of X^, one can consider the intersection cohomology IC(A^, C p ). We show 
the following lemma. 

Lemma 4.7. Under the notation as above, we have 

^A;~IC(A^,£ p )[dimA^]. 

Proof. Since C?^ = {(x, i;, W) G Q m \ W = W(x,v)}, ip" gives an isomorphism 
onto by (4.3.3). Hence (p'lA° p is a simple perverse sheaf if A° p is so. Put K = (p"A° p 
and d = dimA^ = dimA" m . In order to prove the lemma, it is enough to show that 



(4.7.1) 



n- d KU ~ c p 



We consider the following commutative diagram 



Ti x Tf 



Gl,reg x G L 2 reg 



( 4 - 7 - 2 ) {Gi/Ti x T 1>reg ) x (Gg/ZogW) x T* ) <- 



(TO 



r/ 1 x»7 2 



G^rcg X G^reg 



T 



10 



'/() 



id 



90 



3.. 



«0 



» 3>° 



90 



^m,reg ~~ ^ 



»?0 
'm,reg; 

)0 



where 3>° = 3>/,3& = 3^/ for / = [l,m] (cf. 3.1, 3.4), and 
Ci )rC g 



^ T 2,reg 



m,rcg 



7* 



(VT 1 ) ^G'l.reg), 

(7r 2 ) -1 (G2 ire g), 
WW), 

9 {Gm,reg)i 

zl = {{g*{t,v)AiA2)\g*{t,v)ey° m , 

0i : g(W )^W ,cf> 2 : ^(Wo) ± /^(Wo)^F }, 



m,rcg 



EXOTIC SYMMETRIC SPACE, I 27 

and the maps q , qo,ao, o"o are denned as the restrictions of the corresponding maps 
q,q,a,o~. The map £o = for / = [l,m]. Note that in this case, W(t,v) = M m 
for (t,v) G Tf cg x M£. We define^ a map r] : 5>™ ->■ Q m ^ c% by (t/ * (t,v)) H> 
(gtg -1 , 9( v )i 9(M m )), and the maps £o;?7o are defined accordingly. The maps in the 
first column are defined by applying the discussion in 1.8 to the case ip 2 : G^r — > 
G^reg) an d to the GL case ip 1 : Gi )rcg — >■ Gi )reg . The map cr is defined as follows; 
for (g* (t,w),0 1? 2 ) e 2^, gt^ 1 stabilizes #(W ), and *i = 0i (fi't^- 1 G 
Gi, re g, *2 = 02(^^" 1 | 9 ( W / O )i/ S (u' o ))02 1 e G^ reg . We have Z Gl (*i) = giT^ 1 with 
G Gi, and Z G e(f 2 ) = g 2 Z G e(Tf)g 2 1 with ^ 2 G G*. Then a (# * (t, u), 0i, 2 ) = 
((g^t,), (g 2 Z G e(Tf),t 2 )), where (t 1; t 2 ) = /(*) G 7\ x Tf. 
It follows from the commutative diagram that 

(4.7.3) 5S((aS)% H (a$%) ~ 

One can check that the squares in the middle row and the lower row are all cartesian 
squares. Since ip 1 = r] 1 o ?/; 2 = rf o we see that 

(4.7.4) B ^(ag)^) ~ g *fa) o ^a*S. 

Now ^(ckq)*^ is decomposed as in (1.15.1), and similarly for ipl(al)*£i. On the 
other hand, since 

G m ,ro g = {(X,V,W) | (X,V) ey° m ,W = W(x,v)} ~ ^, 

<^o is an isomorphism. It follows, by (3.4.3) and (3.5.1) that 

under the identification Q m ,rcg — 3^™- Since the decomposition by the Galois covering 
is compatible with a and q by (4.7.2), we have o~q(C Pi ^£ P2 ) — <2oA>- This implies 
that A°| Weg ~ A p | 6mreg ~ C p [d], and so 

This proves (4.7.1), and the lemma follows. □ 
As a corollary to Lemma 4.7, we have the following. 

Proposition 4.8. Under the notation in Lemma A. 7, (ir m )*a*£ I is a semisimple 
complex, which is a direct summand of 

H-{?r m )®V p ®lC{XlC p ), 

where V p = As <S>A m£ p is considered as a vector space, ignoring the Ae-action. 
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Proof. First we recall the isomorphism given in 1.17.2 in the language of flags. As- 
sume that s G T i6 . Let V = Vi©- • -@V t be the decomposition of V to the eigenspaces 
of s. We assume that Vi =(ej, fi\i& J%\ where Jj = [ni + - ■ + ni + - ■ ■ + n i \. 

We regard Jj an ordered set under the natural ordering. Let x = su be the Jor- 
dan decomposition x. Let J-^V) be the set of isotropic flags on V, and F B X (V) 
the subset of isotropic flags stable by x G G id , and similarly define J~x(Vi) for 
x G GL(Vi) td . Let r = W H , S \W H be as in 1.17. We choose a set of distin- 
guished representatives {w 7 7 6 f} for r, where w 1 is a permutation on the 
set [l,n] such that w" 1 is order preserving on each subset Jj. Then J^(V) is de- 
composed as J^(V) = II 7 er^ r 7(^ / )' where ^(V) is the set of Z H (s) conjugates of 
the isotropic flag ((e^i)) C (e Wi{1) , e Wi{2) ) C • • • C (e Wj ^), e Wi{n) )). For each flag 
F* = (F k ) G F](V), F 1 DVi C F 2 n V- C • • • gives an isotropic flag F* G J*^), and 
the map F* 1— >■ (F*, . . . , F*) gives an isomorphism between ^(V) and Ili^^)- 
If we replace s by x = su (Jordan decomposition) with s G T td , and let U{ be 
the unipotent element in GLiViY 9 obtained from u, then the above isomorphism 
restricts to the isomorphism between J-](V) and Hi^u-C^)- 

We fix a subset I C [l,n]. For a; = su G G" e such that s G T te , we consider 
the decomposition of V as above. Let U = W(x,v). Then U is s-stable, and U 
is decomposed as C/ = i C/j with Ui — U D V^. Thus there exists a subset J- of 

Ji such that Ui = (ei \ i e J-). We now define a subset Af* of X+ as the set of 
all if-conjugates of (x, t>, u^-B 61 ) G X+ such that |w 7 _1 (J i ) fl I\ — \ J[\ for each i, for 
all the possible choice of (x,v) with s G T" 9 and u> 7 G W StH \W H - Then A"* is a 
closed subset of X+ containing Xi. (In fact, Xj coincides with the if -conjugates of 
(x,v,w^B e ) G X+ such that u»~ 1 (J i ) fl / consists of the first \ J' i \ letters.) We have 
= ip'(Xf) for any /. Let tp'j : Xf — > be the restriction of <p' on Xf. We define 
a subset of Z+ by = q~\Xf), and a subset ?C of % m by ?C = q' 1 {Q Q m ). 
We have a commutative diagram 

Gx x Gf 2* 

(4.8.1) 

Gi x G!f ^ — - — Ti m — - — > Gm, 

where qi,(Ti,qi,ai are restrictions of q,o~,q,a, respectively. The square in the right 
hand side is cartesian since the corresponding square in (4.5.3) is cartesian. We note 
that 

(4.8.2) The square in the left hand side is also cartesian. 

Assume given (x, v, U, 0i, 2 ) G H m and (xi, <?i-Bi) G Gi, (x 2 , giF e 2 ) G G 2 , which 
is compatible with ti 1 x ti 2 and a±. We show that there exists a unique element 
(x,v,gB 6 ,(f)i,(f) 2 ) G Zf compatible with the above data with respect to Let 
x = su be the Jordan decomposition of x. Since <7i,<7j are if-equivariant, we may 
assume that s G T" 9 , and that V^'s are given as above. Let U = W{x,v) and C/j = 
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U(~)Vi be as before. Under the isomorphism fa : U 2$ W , <p 2 : U ± /U 2£ V , xi,x 2 give 
rise to elements x\u, x v ± /u, which we denote also by x±,x 2 . Under this isomorphism, 

(xi,giBi) G G± determines an 27-stable flag on U, which is given as (-D*, . . . , D*) 
with D* G J- Ui {Ui) for each i. Similarly, (x 2 ,g 2 B2) ^ G 2 determines an a^-stable 
isotropic flag on U ± /U, which is given as (E*, . . . , E') with E* G ^.(U^/Ui), where 
is defined with respect to V*. Now the pair (D*,E*) determines a unique flag 
F' G FulVi)- Let Si (resp. s 2 ) be the semisimple part of x\ (resp. x 2 ), and r 1 
(resp. r 2 ) a similar set as r defined for s l G GL(U) (resp. s 2 G GL(U ± /Uy 9 ). 
Then determines 71 G and [x 2 ,g 2 B d ^] determines 7 2 G -T 2 . Here w yi 

(resp. u> 72 ) is a permutation of the set J' (resp. J"), where J' = ]J i J/ and J" is 
the complement of J' in [l,n\. Now the pair (71,72) determines a unique 7 G -T as 
follows; let r be the permutation on [l,n] which maps J' to /, and preserves the 
order on J' and on J". We define a permutation w by 



w(j) = 



tw-H 3 ) HjeJ". 



We take 7 = W^wT 1 g W HyS \W H . Under the isomorphism fL-^^) - ^( v ) 
given above, (F*, . . . , F') determines a unique flag F* G J^(V). Let g-B e be the 
element in H/B e corresponding to F* . Then (x, v, gB e , 1; <p 2 ) G 2*, and it satisfies 
our assertion. This proves (4.8.2). 

We define a complex K T2 ,s 2 on G 2 as in (1.15.2), by replacing G by G 2 . A 
similar construction works for the group case G 1 . They are given as follows; 

K Tl , £l = p 1 (g)IC(G' 1 ,£ pi )[dimG' 1 ], 

K T2 , £2 = H\V r r n )®P2®lG{GtC P2 )[<limG^]. 

P2&A 



"£2 



Then we have the following result, the first one is due to Lusztig [L2], and the second 
one follows from Theorem 1.16 due to Grojonowski. 

^(a^itdimGi] 
nl(a 2 y£ 2 [dimG L 2 e ] ~ K T ^. 

By using the diagram (4.8.1) together with 4.6, we have 

((^a^dimAg- iJ'(Pr m )®p®^. 
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Since Xj is a connected component of Xf, (<//|^)*a;*£[dim X m ] is a direct summand 
of ((p'j) *ct*£ [dim X m ]. Since X+ = ]\ I Xi, (<//)*a*£[dim X m \ is a direct summand of 

(4.8.3) H'{V1- m )®p®Al. 

/C[l,n] P eA^ £ 

\I\=m 

By applying ip" on (4.8.3), and by applying Lemma 4.7, we obtain the proposi- 
tion. □ 

4.9. We are now ready to prove Theorem 4.2. For each < m < n, let 
W m be the restriction of n on 7r _1 (A' m ). We show that the direct image complex 
(T m )*a*£\ n -irx\ on %m is decomposed as follows; 

(4.9.1) 

© V p ®lC{X ml ,C p )[d ml -2{n-m)\. 

0<m' <m p£A m i £ 

Note that the theorem will follow from (4.9.1) by applying it to the case where 
m = n. We show (4.9.1) by induction on m. In the discussion below, we use the 
same symbol a*£ to denote its restriction to 7T _1 (X m ) , n -1 (y m ) , etc. for saving 
the notation. Since W m is a proper map, by the decomposition theorem, (n m ) if a*£ 
can be written as a direct sum of complexes of the form A[h], where A is a simple 
perverse sheaf. Here the restriction of (f m ) t a*^ on y m coincides with (t/j m )*a*£ , 
and we know by (3.6.1) that it can be expressed by a similar formula as (4.9.1), 
by replacing X m ,X m i by 3^n,3^m/- Hence in order to prove (4.9.1), it is enough 
to show that supp A n y m ^ for any direct summand A[h] of (T m )*a*£. We 
have X m = X® t U X m ^i with X^ open. The restriction of (7f m )*ai*£ on X^ (resp. 
X, m -i) coincides with (7r m )*a*£ (resp. (lf m -i)*a*£). Let A[h] be a direct summand 
of (T m )*a*£. If supp A n 7^ 0, then A]^o is a direct summand (up to shift) of 
(n m )*a*£. By comparing Proposition 4.8 and (3.5.2), we see that supp Any m 7^ 0. If 
supp AnX^ = 0, then supp A C X m _x, and A|^ m _ 1 (up to shift) is a direct summand 
of (?F m _i)*a*£. By induction hypothesis, we see again that supp A n 3^m 7^ 0- This 
proves (4.9.1) and so proves the theorem. 

5. Springer correspondence 

5.1. The Springer correspondence is a bijective correspondence between the set 
of iJ-orbits in G^ ni x V and the set of irreducible representations (up to isomorphism) 
of Weyl group W n , which is an analogy of the Springer correspondence in the case of 
reductive groups. Kato proved in [Kal] the Springer correspondence for the exotic 
nilpotent cone x V over C. Here we give an alternate proof for X uni = 67jf ni x V 
over an algebraically closed field k of odd characteristic, based on Theorem 4.2. 
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In the setup of Section 4, we consider the special case where S = Qi, the constant 
sheaf on T w . In this case, As is isomorphic to the group algebra Qz[W], and Ae 
is isomorphic to Qj[W n ]. Hence by Theorem 4.2, tt^Qi is equipped with the action 
of W n . It follows that for each (x,v) G X, H l {ir~ l (x,v), Qi) turns out to be a W n - 
module. In the case where (x,v) = (1,0), rr~ 1 (x,v) = H/B 6 . Hence W n acts on 
H l (H/ B 6 , Qi), which we call the exotic action of W n . On the other hand, W n acts 
on H l (H/B e , Qi) as the original Springer action of Weyl groups, which we call the 
classical action. We have the following lemma. 

Lemma 5.2. The exotic action and the classical action of W n on H l (H/B 9 ,Qi) 
coincide with each other. 

Proof. We prove the lemma following the argument analogous to the classical case 
(see e.g. [SI, Proposition 5.4]). Let tt' : G w ->■ G w , ip' : 7i'~\Gf cg ) ->■ Gf eg be 
the maps defined in 1.8. Under the embedding G lQ ~ G w x {0} ^ G i9 _x V, 
n*Qi\&e ~ <Q,. and ip*Qi\ G ? eg - jPIQi- Moreover, i/j*Qi\ Gi e g (resp. 7r„,Qj| G *j) 
coincides with (ip m )*Qi (resp. (7r m )*Q;) defined in 3.4 (resp. 4.5) for m — 0. Thus 
the arguments in Section 3 and 4 are applied for this situation. In particular, 7r^Q; 
and iftlQi have W n -actions as a restriction of ip*Qi and tt*Qi. Thus, forgetting the 
vector space part V, we have only to consider tt'^Qi. We can also consider the Lie 
algebra counter part of ^Qi- Let it" : Q~ e — > Q~ e be the map analogous to tt', where 
Q~ e = H x B<> b~ 9 with b = Lie B. Then one can define an action of W n on tt'IQi by a 
similar construction. Consider the map log : G i6 — > Q~ e . Then log maps B id to b~ e , 
and it induces a map log : G Ld — > g~ e , which is a base change of log via tt". Thus 
we have log*7r*Qz ~ tt"Qi. This isomorphism is W^-equivariant. Hence in order to 
prove the lemma, we may consider the case it" : — > g~ 9 . For saving the notation, 
we use the same symbol in the Lie algebra case as in 1.8, such as tt : g~ e — > q~ . 

Let t = LieT, and g~ eg , t~ eg be as in Proposition 1.14. Put b~ eg = bHQ~ cg . Similar 
to (1.8.1), we have a diagram 

ij : H x B ° b~ g * H x^nzncr-) ^ H x z H <r») f-| _JL+ 

where £ is a locally trivial fibration with fibre isomorphic to P", and i] is a finite 
Galois covering with group S n . Let (9 be an ff-orbit in g~ eg , and put O = £ _1 ?7 _1 ((9). 
We have the following diagram 

^~\0) O — ^ r)-\0) — C 

(5.2.1) q p V 

H/B e H/B 6 nZ H (T w ) — H/Z H (T W ), 

where q,p,p are natural projections. Now ip*Qi is equipped with W^-action. Hence 
for any subvariety X of g~ cg , W n acts on H l (il)~ l (X), Qi) ~ H*(X, ip*Qi), which is 
the exotic action of W n . Moreover, for the inclusion X <^-> Y, the induced map 
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H\ip 1 (Y), Qi) ->■ H\il) 1 (X), Qi) is W^-equivariant. Here we fix an action of W n 
on H l (%l)~ l (0), Qi) defined as above. First we note that 

(5.2.2) The map g* : H\H/B 9 , Qi) ->■ H'ty-^O), Qi) is WVequivariant with 
respect to the exotic action of W n on H l (H/B 9 , Q t ). 

In fact, let j be the inclusion map il)~ l (0) g~ 9 , and q 1 : g _ei — >■ H/B 9 
be the projection. Then q = q± o j. Since j* is W^-equivariant, it is enough 
to show that ql is W^-equivariant. But since q~~ is a vector bundle over H/B 9 , 
H^Q^Mi) ^ H^H/B^Qi). This implies that gj = where ji is a natu- 

ral inclusion i//_B e ^ 0~ e so that gi o j\ = id. Since j* is W n -equivariant, g^ is 
W^-equivariant . 

Let W = N h (T l9 )/Z h (T l9 ) be as before. Then W acts on H/Z H {T i9 _), and p 
is W-equivariant. It follows that p* : H l {H / Z H {T i0 ),Qi) ->■ IPirj-\0), Qi) is W- 
equivariant. 5 61 fl Z H (T b0 ) ~ £? 2 x • • • x S 2 as in 1.8, and the action of 5 n (as a per- 
mutation group of the set {ei, . . . , e„} and {/i, . . . , /„}) on H leaves B V\Zn(T L0 ) in- 
variant. Hence W — S n acts on H / B P\Zh{T l0 ), and £' is W-equivariant. Since £, £' 
are both P"-bundles, we see that the map p* : H\H / B C\Z H (T L0 ), Q,) ->■ Qj) 
is W-equivariant. The group W acts on B nZ H (T t ' ) as a permutation of factors 5 2 , 
and its restriction on T 9 coincides with the permutation action of S n on the diag- 
onal groups. Since 7 is a vector bundle, we have H % [H/B , Qi) ~ H % [H/T , Qi) ~ 
H % [H/B 9 fl Z H {T i0 ), Qi), and 7* becomes W-equivariant, where W — acts nat- 
urally on H % {H/T , Qi), which is the classical action on H % [H/B , Qi). This shows 
that 

(5.2.3) g* is S^-equivariant with respect to the classical action of S n on H % {H/B , Qi). 

On the other hand, £*Qz — if , (P™)(g)Qj is equipped with the action of (Z/2Z) n . 
Thus ff^-^C),^^^ ~ H\d,Qi) has a structure of (Z/2Z) n -module. Similarly, 
H\H/B 9 n Z H {T 10 ), Qi) has a structure of (Z/2Z)™-module, and the map is 
(Z/2Z) re -equivariant. Let 6 : #/T e ->■ H/Z H (T 10 ). Then n Z H (T te ) is a 

vector bundle over H/T 9 , and 

H\H/B 9 n ^(T te ), Q,) ~ H\H/T , Q,) ~ IT(if/Ztf (T*), (6)*Q*)- 

Here the (Z/2Z)"-action on H\H/B n ^(T tf? ),Qz) comes from the (Z/2Z) n - 
action on (£i)*Qz, which is described as follows: Z H {T i9 ) ~ SX 2 x • • • x SX 2 , and 
Z h {T l9 )/T 9 ~ \SL 2 /T 2 ) n , where T 2 is a maximal torus of SL 2 . Hence (Z/2Z) re 
acts on Z H {T i9 )/T 9 as its Weyl group, and acts on H/T 9 ~ H z ^ T " e \Z H (T l0 )/T e ) 
naturally, which gives the (Z/2Z)"-action on (£i)*Qz. But this action of (Z/2Z)™ 
on H/T 9 is nothing but the action on H/T 9 as a subgroup of W n = N H (T 9 )/T . It 
follows that 

(5.2.4) g* is (Z/2Z)"-equivariant with respect to the classical action of (Z/2Z)™ on 
H\H/B ,Qi). 

By (5.2.3) and (5.2.4), we see that g* is W n -equivariant with respect to the 
classical action of W n on H l (H/B , Q t ). In view of (5.2.2), in order to prove the 
lemma, it is enough to show that q* is injective. But since O ~ H/Z H (T L0 ), and 
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i] is a finite covering with group S n , we see that r] l {0) = \J weSn X w with X w ~ 
H/Z H (T id ). Since £ is a P^-bundle, O is written as = LL e5n A^,, where *w is 
a P"-bundle over X w , which is isomorphic to H/B fl Zn{T L0 \ This implies the 
injectivity of the map p* . The injectivity of q* follows from this. Thus the lemma 
is proved. □ 



5.3. Note that dimA' un i = Ivu by Proposition 2.7. Then n± is semismall by 
Lemma 2.5 (ii), and so K\ = (7Ti)*Qz[dim X un i] is a semisimple perverse sheaf. As i\\ 
is if-equi variant, K\ is if-equivariant. Since the number of if-orbits in X nn [ is finite, 
an .ff-equivariant simple perverse sheaf is of the form = IC((9 M , Qz)[dim(9 M ] for 
an if -orbit in X UIl \. It follows that 

(5.3.1) ^i-0 ft*®4*> 

where p M = Hom(A M , K\) is a W n - module. 

Since S = Qz, we have A m ,e — Qi[S m x S n - m ]. Then p G A^ £ is given by pi<8>p 2 , 
where pi G (resp. p 2 G 5'^_ m ) corresponding to p (1) G P m (resp. p (2) G V n - m )- 
The induced representation gives rise to an irreducible representation of W n , 
which we denote by V M for fi = (p^\p^) G "P n ,2- in this case we denote the local 
system C p on 3^ by £ M . For a given /i, G 7-^,2, put m(/x) = Ip*- 1 **]. Hence £ M is a 
local system on D^L^v 

The following result is a reformulation of Kato's result ([Kal, Theorem 8.3]). 

Theorem 5.4 (Springer correspondence). (i) For each fi G V n ,2, Pn is an ir- 
reducible W n -module. The map \- > p M gives a bijective correspondence 
between the set of H -orbits in X UIl \ and the set of irreducible representations 
(up to isomorphism ) ofW n . 
(ii) Let O^' be the H -orbit, for a certain n' G V n ,i, corresponding to V M under 
the above correspondence. Then we have 

IC(^ m(M) ,£ M )U uni ^IC(O M .,Q0[a], 

where a = dimC^. — dim X uni — dimX m ^ + dimA\ 

Proof. We show (i). We have an algebra homomorphism 

(5.4.1) Qi[W n ] Endtfi End H*(H/B°,Qi). 

In order to prove (i), it is enough to show that a is an isomorphism Qj[W n ] 2£ End K\. 
Via j3 o a, W n acts on H*(H/B e ,Qi). By Lemma 5.2, this action is the classical 
action of W n . Since W n acts on H*(H/B e , Q z ) as the regular representation, we see 
that (3 o a is injective. Hence a is also injective, and we have \W n \ < dim End f^. 
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On the other hand, (5.3.1) implies that 

(5.4.2) /TK-W),^)- P^^) m ^ ni+dimO/1IC ^,Q0- 

Take (x,v) G and assume that p M ^ {0}. Put = (dimA^ — dimO M )/2 = 
u H - dimC M /2. Then (5.4.2) implies that 

(5.4.3) H 2d »(^\x,v)Mi) ^p P ®^)IC(O M ,Q0 ^Pm- 

By applying Lemma 2.5 (ii), we have dim7rf 1 (x, v ) = d^. Hence dimp M coincides 
with the number of irreducible components of 7rf 1 (a;, v) with dimension d^. Thus 
by Lemma 2.5 (iii), we have 

dimEndi^! = ( dim /V) 2 < J2 c l ^ \ W »V 

It follows that a is an isomorphism, and (i) follows. 

Next we show (ii). It follows from Theorem 4.2, we have 

7r*Q,[dim;t]U uni ~ ^<g)IC(^ m(M) ,£„)[d m 

(A*)] l^uni- 

On the other hand, by (i) and (5.3.1), we have 

(5.4.4) (TrO.QjtdimA^]- V„ ® 1C(0^, Q,)[dimO M .]. 

By comparing these two formulas, we obtain (ii). Thus the theorem is proved. □ 

5.5. Let P = LUp be a ^-stable parabolic subgroup of G containing B, where 
L is a ^-stable Levi subgroup containing T. Then L e is isomorphic to GL ni x 
• • • x GL nA . x Sp2n' with rij + n' = n. Accordingly, we have a decomposition 
M n = i>o Vi and = ® i>0 V7, where V*, V- are T-stable subspaces with dim Vi = 

dimV/ = rii for i > 1, and dimVo = dimV^' = n' . Let Vl — V) © V^' and Vx, = 
Vl © 14 © • • • © 14 so that V = V L ®V[, where V£ = V[ © • • • © V^'. Here we 
may assume that is f/p-stable, and Vl is identified with V/V[, on which L 61 acts 
naturally. We consider the variety 

k 

(5.5.1) L w x y L ~ (GL*, x \/ L ) x ^(GL^ x V^), 

i=i 

on which L e acts via the conjugation action on L id and the natural action on Vl- 
In particular, GL l ® n , x is a similar variety as H x V for n = n' . It is known by 
[AH], [T] that the set of GL n .-orbits on (GL n .) uni x V ni is parametrised by the set 
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V ni: 2- Let Tip : x V — >■ Ljf ni x V L be the map defined by the natural projection 
P^j — >■ Ljf ni on the first factor, and the projection V L ®V[ —¥ V L on the second 
factor. Let O be an P-orbit in G^ ni x V, and C L an L e -orbit in L^ ni x 14- Let us 
consider a variety 

Z = {(x,v,gP d , g'P e ) G G± x V x P/P e x P/P* 

| {g-^g^v) G ^{O^g'^xg^g'^v) G TTp 1 ^)}. 

We consider the partition H/P e x H/P e = into P-orbits, and let Z^ = 

p~ 1 (X UJ ), where p : Z — >■ H / P e x H / P e is the projection onto the last two factors. 
Recall that i/# = dimP 6 '. Here we put 17 = z/^e, the number of positive roots for L e . 
Let c = dim O and c = dim Ol. Note that c is even by Lemma 2.3, however, c is not 
necessarily even since a GP ni -orbit on (GL n .) un[ x Vi is not so in general (see [AH, 
Proposition 2.8]). The following result, which is a generalization of Proposition 2.5, 
is an analogy of the dimension formula due to Lusztig [L2, Proposition 1.2], and can 
be proved in a similar line. 

Proposition 5.6. (i) For (x,v) G O l , we have dim((9 fl Ttp l (x, v)) < (c — c)/2. 

(ii) For (x, v) G O, 

dim{gP e G H/P 6 \ {g^xg.g^v) G tt?{O l )} < {v H - c/2) - {V -c/2). 

(iii) Put do = 2vh — 2V +c. Then dim Z^ < d for all uj. Hence dim Z < do. 

Proof. The proposition makes sense for groups of the same type as L, and we prove 
it for those groups. Since the assertion holds in the case where G = T, a maximal 
torus, we may assume that the proposition holds for a proper subgroup L of G. 
Consider the map p '. Z^j y X w . X^ is an P-orbit of (P e ,wP e ), where w G W n is a 
representative of the double coset Wp\W n /Wp for a parabolic subgroup Wp of W n . 
Hence in order to show (iii), it is enough to see that 

dim{(x,v) enp\0 L ) | {w^xw.w^v) G n P l (0 L ))} 

5.6.1 

v ' < 2v H - 277 + c- dimX w , 

where w G P is a representative of u>. Then an element x G P' 6 * fl W P L0 can be 
written as x = iu = i'u' with £ G P e , f G W P 9 , u G Pp , u' G ™Pp . Moreover, there 
exists zeL Ld n W U 6 such that I = zy', £' = zy with y' G P e n w Pp , y G w P e n Uf . 
Hence (5.6.1) can be rewritten as 

(5.6.2) 

dim{(u,u,u',s/,s/',;s) G V x Pp x '"Pp 9 

x ( w l n Pp) te x (l n w Pp) te x (l n w Ly e 

| y'w = yu 1 \ (zy',v) G Ol, (w~ 1 zyw,w~ 1 v) G Ol} < 2z/p — 217 + c — dimX w , 
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where v G Vl is the image of v under the map V — > Vl, and similarly for w^v G Vl- 
For a fixed (y,y'), the variety {(«,«') G (C/p x w U P y e \ y'u = yu'} has dimension 
dim([/p ^ u 'L ^ p)'' 6, . On the other hand, for a fixed z,y,y',v,w~ l v, 

dim{v G V | G C L , (w^zyw, w^v) G C L } = dim(V[ n 

Here we choose w G Wp\W n /Wp as a distinguished representative. Then we have 
dim(V^ fl w(V[)) = jj{ej G V 7 ^ | w _1 (ej) G V 7 /}, which we set b w . On the other hand, 
if we denote the set of positive roots of type C n by A + = {ei ± Sj (1 < i < j < 
n), 2si (1 < % < n)} and A+ 9 the subset of A + corresponding to U P e, we see that 
dim([/ P n w U P ) e = dim(C/p n ^f/p)' 9 + c w , where 

c w = (j^e* G A+ e | uT 1 ^) G A+J. 

It is easy to see that c w = b w . Since L fl W P is a parabolic subgroup of L with 
a Levi decomposition L fl W L = (L fl W L)(L fl w Up), and similarly for W L fl P = 
(™L n L)( W L n C/p), we see that dim(P n ""P) 6 = 277+ dim T e + dim(E/p n ""f/p) 9 . It 
follows that 

dim(C/p n w f/p) t9 + 6 W = 2z/ H - 277 - dimX w . 
Hence (5.6.2) will follow if we can show that 

dim{(^, y, 2/',U) G (L n W L)^ x («L H C/p) te x (L fl ^p) te ) x V L 

(5.6.3) 

| (zy',v) G O l , (w 1 zyw,w 1 v) G O l } < c. 

Since W P and L contain a common maximal torus T, Q = L (1 W P is a 0-stable 
parabolic subgroup of L with Levi decomposition Q = MUq, where M = L fl 
"P, C/q = L fl w £/p. Hence by replacing G, P, L by L, Q, M, one can define a map 
7Tq : Quni x 14 4 ^uni x as in 5.5. Similarly, for a parabolic subgroup Q' = 
W L n P of ""L, the map 7r Q , : (Q')uni x V L ->■ x \/ M is defined. Now x Vm 
is partitioned into finitely many M e -orbits (9i, . . . , (3 m , and for (x',v') G Oj, the 
variety 

{(z,y,y',v) | G O l C\ ^(x' ,v'), (zy,v) G 0«>l H tTq}(x', v')} 

is isomorphic to the product of two varieties appeared in Proposition 5.6 (i) by 
replacing G, L by L, L fl W L, and by W L, L fl W L. Hence by induction hypothesis, its 
dimension is smaller than (c — dimOj)/2 + (c — dimOj)/2. It follows that 

(5.6.4) dim{(z, y, y 1 , v) \ (z, v') G 6 h (zy, v) G O l , (zy, v) G 0* L } < c, 

where v' is the image of v under the map Vl — > Vu- Since (5.6.4) holds for any i, 
we obtain (5.6.3), and so (iii) holds. 

We show (ii). Let q be the projection Z — > G^ ni x V to the first two factors. 
For each O, we consider g~ 1 ((9). If q~ l {0) is empty, then the variety in (ii) is also 
empty, and the assertion holds. So we assume that g _1 (C) is not empty. By (iii), we 
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have dimg 1 (0) < d . For each (x,v) G O, q 1 (x,v) is a product of two varieties 
isomorphic to the variety given in (ii). Hence the dimension of the variety in (ii) 
is equal to (dimg-^C) - dimC)/2 < (do - c)/2 = v H - V - c/2 + c/2. Thus (ii) 
follows. 

We show (i). Consider the variety 

Xo = {((x,v),gP e ) eOx H/P 6 | {g- l xg,g- l v) G n P \0 L )}, 

and let / be the projection on the O-factors. Then for each (x, v) G O, the fibre 
f _1 (x, v) is isomorphic to the variety given in (ii), hence the dimension of Xq is less 
than or equal to vr — V + c/2 + c/2. If we project it to the H/ P e -factor, its fibre is 
isomorphic to the variety O fl ^^(Ol)- Hence 

dimCnTTp^Ci) < u H -V + c/2 + c/2 -dim H/P 6 = (c + c)/2. 

Now Tip maps the variety O n7Tp 1 (C ) i / ) onto Ol, and each fibre is isomorphic to the 
variety given in (i). Hence its dimension < (c + c)/2 — c = (c — c)/2. This proves 
(i), and the proposition follows. □ 



6. Restriction theorem 

6.1. In this section we shall prove the restriction theorem for Springer rep- 
resentations, which plays a crucial role for determining the Springer correspon- 
dence explicitly. Let P = LUp be as in 5.5. Here we consider the special case 
where L e ~ GL\ x S , p 2 „_ 2 - Let V — Vl © V[ be the decomposition in 5.5. Take 
z = (x,v) G G^ ni x V and z' = (x',v') G Ljf ni x V L . Here we assume that v' G V L . 
Then Up stabilizes v' + V' L . We define a variety Y ZjZ > by 

Y z , z , = {geH\ g-'xg G x'U^g^v G v' + V[}. 

The group Z H (z) and Z L e(z')U e P acts on Y ZiZ > by (g ,gi)g = gogg^ 1 - 

Let d ZjZ > = (dim Zr(z) — dim Z L e(z'))/2 + dimC/p. By Proposition 5.6 (ii), we 
have dimF Zi2 / < d Z)Z <. Let S ZjZ > be the set of irreducible components of Y ZtZ > of 
dimension d ZjZ >. 

Let W = W n be the Weyl group of H and W L be the Weyl subgroup of W 
corresponding to L 9 . Then Wl ~ W n _i, where W n -\ is embedded in W n as the 
subgroup with respect to n — 1 letters {2, . . . , n}. For z G G L ® ni x V, we denote by 
Pz the irreducible representation of W corresponding to the i7-orbit containing z 
under the Springer correspondence (Theorem 5.4). Note that the variety L^ ni x Vl 
with L 9 - action is exactly the same as G i9 ni x V with S , p2n-action, by replacing n by 
n — l. Hence one can consider the Springer correspondence with respect to Wl. For 
G L i9 ni x 14, we denote by p\, the irreducible representation of Wl corresponding 
to z'. We shall prove the following theorem, which is an analogy of [L2, Theorem 
8.3]. 
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Theorem 6.2 (restriction theorem). For z e G^ ni x V , z' G Ljf ni x V L , we have 

(& es W L Pz > Pz')w L = l*^ 2 



6.3. The theorem will be proved in 6.7 after some preliminaries. Let L 
be the subgroup of G generated by L and B n Zg(T l6 ). Then L is ^-stable, and 
L e ~ (_B 2 x L 9 )/T 2 , where under the isomorphism Z G (T t61 ) ~ GL 2 x • • • x GL 2 , £? 2 
is the Borel subgroup of SL 2 corresponding to the first factor (contained in B), and 
T 2 is a maximal torus of B 2 contained in L e . We define varieties 

y L = {(x,v,gL d ) e Gf eg xVx H/L e \ {g^xg.g^v) e y L }, 

y L =\J 9(Tf cg x M n ). 
gel" 

Then the map ip : y — > y is decomposed as 

where ■?/>' : (x, i>, g(B e nZ H (T Ld )) h-> (x, t>, gL 61 ) under the second expression in (3.1.2), 
and ■?/>" : (x,v,gL 9 ) h-> (x, t>). Following the notations in 3.1, 3.2, for each 7 C [l,n] 
such that |/| = to, we also define varieties yf, yf; 

yf = {(x,v,gl e ) e Gf cg xVx H/L e | {g^xg^v) e yf} ^Hx Z °yf, 

yf = U 9(Tf cg x Mj). 
gale 

Note that in the case where to > 1, yj 1 coincides with 3^1 m i if 1 G 7, and coincides 
with 3^[ 2m+1 ] if 1 ^ 7. Then yf coincides with ip'tyi) for any 7, and coincides with 
y^m] or ypm+i] according to the case where 1 G 7 or 1 ^ 7 if |7| ^ 0. Now the map 
■0/ : yi — > y^n is decomposed as 

where is the restriction of ■0 / on 3^/, and is the restriction of ip" on 3^- Put 
yf = H x Zh{tl6 ^ (Tf eg x Mj), where J = J U {1}. Then Z H (T t9 )j C Z e and one 

can define a map rjj : 3^/ -> 3^/ by (x,v, gZn(T id ) j) h-> (x,v,gL 9 ). Now ^ is 
decomposed as 



(6.3.2) 



# : 3^ tf, 
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where ^ : (x, v, g(B e n Z H (T ie )) ^ (x,v, gZ H {T L0 )j). Here rj'j is a finite Galois 
covering with group Wj,l, where W/,l is a subgroup of Wl — 5*n-i such that 
^ x S r ii J — I, and W/, L - Sj x if J ^ /. Moreover, & 

is a P"- m -bundle (resp. P^^-bundle) if J = I (resp. J ^ I). It follows that 
End((?7j)*Qi) ~ Qz[W/,l] and we have 

(6.3.3) faj).Qi^ p'®/V, 

where £ p / = Homw, L (p', (?7j)*Q0 is an irreducible local system on • This implies 
that 

(6.3.4) (v4)*q*- ^(pr- 6 )®/®^, 

where e = or 1 according to the case J = I or J ^ I. (In the case where 1 = 0, 
we understand that e — 1 and Wj,l = Wl). Since ■?/>/ = ■?/>" o ip' I: we see that 

P 'ew* L 

Since ipi — rji o £ 7 , by using the decomposition (3.4.3) and (3.5.1), we have 

(6.3.5) - H'{V\) ® Hom W/i (p',p) <g> £ p . 

We put l\ = [1, m] and J 2 = [2, m+1]. Let ip' m be the restriction of ip' on and 

let < : = (^") _1 CO -> be the restriction of V". Then S^>+ = 5% LI 5^ 
gives the decomposition to irreducible components. We have 

jj ■ y+ ^ n v L ' + ^ > V° 

Note that Wl — S^-i is the stabilizer of 1 in VV under the identification W — S n . 
Let Wl, Wj,l be the corresponding subgroups of W. Now (6.3.4) implies, by a 
similar argument as in 3.5, that 



ind^ L (i/-(pr m )®p')®^ 
indg^^p?-™- 1 )®^)®/:, 



(6.3.6) 



for m > 1, where £ p t is a local system on y\ s corresponding to p' e W£ L for e = 1 
or 2. While (i/)' m )*Qi for m = is given by (V'/)*Q/ f° r I = 
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Now Wj i L is parametrized by a subset of V n -i,2 consisting of // such that 
m{n') = m — 1, and we denote C p > by if p' G Wj L corresponds to /x' e T-Vi-1,2- 
Let5^ be the closure of >fr m] in ^ L Then 5& = U m >'< m >S + II 5fr m] • (The closure 
of y% m+ i] in ^ is given by Ui^'^w+i]-) Put d L m = dim^. Then ^ >m] is 
an open dense smooth subset of y 1 ], and we consider the intersection cohomology 
lC(y^, Cfj,'). By using a similar argument as in the proof of Proposition 3.6, one 
can show that 

(6.3.7) Mi[d L n ]^ V5.'®IC(^ )+1 ,^)[^ )+1 ], 

where d% = dim3^ L - Moreover, IC(3^( M /) +1 , £ M ') is a constructible sheaf on y^^+v 
On the other hand, in view of (6.3.5), we have 

f®*=w? Hom W/iji (p',p)®£ p if p' e W£ )L , 

W * P \0, eVV .//-(Pi)®Ho m>V/2jL (p',p)®>C p ifp'GW^, 

Let ICj, = lC{y^, )+1 ,C^)[d^ (M , )+1 }. By applying the argument in the proof of 
Proposition 3.6 to the above formula, we obtain 

<(icJ;,)K-^] 

(6 - 3 - 8) - nom^ L (v^,v^) ^ic(y m{ ^c^)[d mM }. 



6.4. Recall the map 7r : X — > X in 4.1. In this subsection, we follow the 
notation in 4.3, 4.5. We define varieties 

£ p = {{x,v,gP e ) eG w xV x H/P e | (g^xg^^v) e X p }, 

X P =\J g{B* x M n ). 
geP 6 

We define tt' : X ->■ tt" : £ p ->■ by 7r'(x, u, ^5 9 ) = (x, u, ^P e ), tt"(x, u, #P e ) = 
(x,v). Then 7r = n" o 7r", and we obtain the following commutative diagram. 



y 



(6.4.1) 



Jo 



n 



X 



->■ 
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where jo,j2 are natural inclusion maps, and ji : (x,v,gL d ) h-> (x,v,gP d ). Put 
= i 71 ") 1 ^- Then we have a commutative diagram 

(6-4.2) | | 

v+ n ' m , jP- p .+ ^ v vO 

where 7r' m is the restriction of n' on X+, n'^ is the restriction of n" on X p+ , and 
vertical maps are restrictions of the corresponding vertical maps in (6.4.1). Since 

= on 'm * s proper, 7i' m is proper. We note that n'^ is also proper. In fact, since 
X p is the image of P e x B {B i0 x M n ) under the map 7r, A p is closed in A\ Hence 
7r" : X p ~ if x p " A p — >■ A" is proper, and so 7r^ is proper. 

Recall the decomposition A+ = JJ 7 A>. We denote by A/ 3 the image of A> by 
n' m . Then A p coincides with X p m ^ (resp. A P m+1 ]) if 1 G 7 (resp. 1 £ I). Thus 

= Xj p ]J # p , and ^ i s open dense in A P for e = 1 or 2. 
We now show the following formula. 

(O.Qi- indg iL (//-(pr m )®P / )®ic(^ 1 ,>c P o 

(6.4.3) 

In fact, since 7r^ is proper, by the decomposition theorem, (7T^)*Q; can be written 
as a direct sum of the complexes of the form A[i], where A is a simple perverse 
sheaf on X p ' + with some degree shift i. Note that (n / m )*Qi\yL,+ — (VO*Qz, an d 
the decomposition of (tp' m )*Qi as a semisimple complex is given in (6.3.6). Hence in 
order to prove (6.4.3), it is enough to show that H supp A ^ for any direct 
summand A[i]. Since 7r^ is proper, again by the decomposition theorem, (7r^)*A[i] 
can be written as a direct sum of the complexes B[j], where B is a simple perverse 
sheaf on X^. Since supp A is irreducible, we may assume that supp A is contained in 
Xf or Xf . Then by the property of ip'^, dim supp B < dim X^ if 3^' + nsupp A = 0. 
But Proposition 4.8 asserts that dim supp B = dimA^ for any simple component 
B in (7r m )*Qj. Hence 5>£+ n supp A ^ 0, and (6.4.3) holds. 
The above argument also shows that 

(ir'^lC(Xf,£ P >) 

(6.4.4) ^ (® peW ,Kom mi Jp',p)®IC(Xl£ p ) if 7 = h, 

~ \® P ewl H'iPj ®Rom Wl2 Jp>,p) ®IC(X^C P ) if / = / 2 . 
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_ Let X p be the closure of X p m] in Then X p = TJ m , <m X% + ]\ X p m] and 
X p ~Hx p6 X p , wh ere ^ = {J gep0 g(B^ e x M m ). (The closure of X p m+1] in X p 

is given by H 1<m /< m ^[L'+i] 1 ) ^ow a similar argument as in the last step of 
Theorem 4.2 (see 4.9), we have the following formulas from (6.3.7) and (6.3.8); 

(6.4.5) <Qi[d L n ]^ V^®IC(X p ^ )+1 ,^)[d^, )+1 ] 

(6.4.6) <(ICj)N^ Hom^^,^)®^^),^)^)], 

where ICj, = IC(A^, )+1 , £ M and a = d n -d% + d^, )+1 . 

6.5. Let X p ni = {(x,v,gP e l e X p \ x e G^}. Let O' = be the L 9 -orbit 
in L^ ni x Vl corresponding to under the Springer correspondence for L. We 
define a variety 

D = {(x,v,gP e ) E X p | (g-'xg, g^v) e n p \0)}, 

where Tip : P^ d x V — > L^ ni x Vl is as in 5.5, and m = m(fjb') + I. Let IC P , be as in 
6.4. The following fact holds. 

(6.5.1) suppICjn^cD. 

We show (6.5.1). Let X^_ x = {J eeLB l(Bf x M^_ x ), where B L = B n L is a Borel 
subgroup of L containing T, and M^_ 1 is the image of M m under the projection 
V — > Vl- We have a diagram 

(6-5-2) X p +»- H x X? -JU X^, 

where pi is the natural map H x X p — > X p ~ H x p<> X p , and p 2 is the restriction 
to H x X p of the map H x P id x V — > L w x V L , (g, x, v) >->■ (x, v). (Here x — > x is 
the natural projection P te — )■ L t61 and t> i— > v is the projection V — >■ Vj,.) Then we 
have 

(a) pi is a principal P e -bundle, 

(b) p 2 is a locally trivial fibration with fibre isomorphic to H x Up x k. 
In fact, (a) is clear from the definition. Since M m is t/p-stable, we have 

X* = IJ ^ x * U* X k x |J 1{B* x M^), 
i&l 6 eeL e 

and (b) follows. 
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We consider the complex IC^, on X^. By (a), (b), both of p\,p 2 are smooth 
maps with connected fibre. It follows that there exists a simple perverse sheaf on 
X^_ x such that pi IC^, ~ P^A^i U P to shift. Note that X^_ x is a variety constructed 
from (L, V£) defined in a similar way as X m from (G, V). Let IC(A^_ 1? be the 
complex on appeared in 4.1 with respect to L. We show that 

(6.5.3) Ap. ~ IC^.^^Otdim^J. 

For each J = [1, to] put 

y* = L e x z »^> (T? cg xM T ). 
Then yi^Hx 1 " y\, y>i — H x^ e y). Also we have Sf -Hx ? by 6.3. We put 

55 L>/ = L e x B ^ nZ ^ e ) (Tf cg x Mp), 
y LJ = L 6 x z ^% {T f eg xM^), 

y°L, m -i = U >< M i>)- 

where Mf, is the image of Mj under the natural map V — > Vl with I' = [2, to], and 
Z L e(T id )i = Z H (T id ) I n L e . Then we have a commutative diagram 



(6.5.4) 



yf Hx yf 



a J 



^ <-^- if x y\ y £>J 



L 12 v ,. 



where and aj,f3i are defined naturally. g 2 is defined by (g,£* (t,v)]) h-> 

£ * (£, U), where £ (->■ Z is the projection L e — >■ L e , and t> i-> U is the map Mj — >■ M^, 
and the maps §2,92 are defined similarly. £l,i,Vl,i are defined in a similar way as 
^j, 777 for yj, yi. Then qi,qi,qi are principal //-bundles, and ?2,$2,?2 are principal 
x k*-bundles. Moreover, is a P™~ m -bundle, and /3j is a finite Galois covering 
with group All the squares in the diagram are cartesian squares. 

Note that y^i — k* x yft _1 \ where yft -1 ^ is an object for Sp 2n -2 with I' = 

[2, to] C [2,n], similar to 3^/ for S^n- Similar formulas hold for 3^,/, 3^L, m _i, an d 
the maps ^7, 77/ are compatible with the situation for Sp 2n _ 2 . Thus one can define 
a local system C L pl on 3^-i with respect to Sp 2n -2- It follows from the property of 
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the diagram (6.5.4), one sees that q\H p ' ~ q^p*- Note that yf is open dense in 
yl^m-i 1S open dense in X^_ 1: and the lowest row in (6.5.4) is the restriction of 
the diagram (6.5.2). This shows that the restriction of A^i on y^m-i gives a local 
system C L pt corresponding to n'. Hence (6.5.3) holds. 

Now by the Springer correspondence for L, the support of the restriction of A^i 
on Ljf ni x Vl is contained in O ' . Then (6.5.1) follows from (6.5.2) and (6.5.3). 

6.6. Let O = Ofj,» be the if-orbit in G id x V corresponding to under the 
Springer correspondence. Put do = (dimA' un i — dim(9)/2. In view of Theorem 5.4, 
(5.4.3) implies that T-L 2d ° (7r*Q;)|e> ~ <g) Qi, where Q; is the constant sheaf on O. 
Then (6.4.6) implies that 

(6.6.1) The inner product (V^,V^/) coincides with the rank of the constant sheaf 

n 2 do+ c <{IC P )loj where c = _ d L 

Then by (6.5.1), we have 

(6.6.2) (V„, V^) coincides with the rank of the constant sheaf H 2do+c (n"\ D ),(IC^, \ D )\ . 

Let D° = {(x,v,gP e ) G X£ \ g-\x,v) G vrp 1 (£>')} be an open subset of D. Let 
x n,n' be the rank of the constant sheaf 'H 2dc,+c (7r / '| D o) ! (IC^, |do)| . We want to show 
that 

(6.6.3) fcV^>= W- 
First we show that 

(6.6.4) The natural map ^ Mo+c (7t / '| d o) ! (IC^)|d<))|o -)• n 2do+c (Tr"\ D ) l (lC^)\ D )\o is 
surjective. 

In order to prove (6.6.4), it is enough to show that 

^+ c (7r"|D-Do)!(ICj,b_ D o)| = 0, 

which is equivalent to the statement that 

H^+V' -1 ^) H(D- D°), ICj,) = 

for any z G O. For any 0[ = O' - O', put D &1 = {(x,v,gP e ) G X? \ g~\x,v) G 
Tr~P~{0'i)}. Then D — D° can be partitioned into locally closed pieces D [, Thus it 
is enough to show that 

U 2 c d ^(n"-\z)nD o[ ,lC P ^ = 

for any such a piece 0[. The last equality will follow from the following statement 
by a hypercohomology spectral sequence. 

(6.6.5) H l c {n"-\z) n D 0[ ,W {IC^)) ^ % + j < 2d a + c. 
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We show (6.6.5). The hypothesis implies that 

i < 2dim(7r"~ 1 (2) n D [) < (dimA^; - dimC) - (dim A u L ni - dimC^) 

by Proposition 5.6 (ii). It also implies that W(IC^,)\ D , ^ 0. By (6.5.3), this 
last condition is equivalent to the condition that W IC(X^_ 1: C^,)\o[ 0. By 
Theorem 5.4 (ii) applied to L, this is equivalent to W IC(0\ Q/)[a]| / ^ with 
a = dimC - dim A,f ni - dim X^ + dim X L . It follows that 

j < dim A u L ni - dim 0[ + dim X^, } - dim X L . 

This implies (6.6.5) since dimA^^,^ — dim A L = d^^ +1 — by (6.5.2). Hence 
(6.6.4) holds. 

Now (6.6.4) implies that (V^V^) < x^,. Since Y^^eVu-i^^ V^) dim = 
dim Vfj,, in order to prove (6.6.3), it is enough to show that 

(6.6.6) ^2 dim V M / = dim V M . 

Put 5 = (dimA u ^ - dimC')/2. By (6.5.3) and Theorem 5.4 (ii), W(lC^)\ D o = 
unless j = —a. This implies that x M)At / is the rank of the constant sheaf 

(6.6.7) n 2d °- 2 \7r , '\ D o) l ((n- a ic^)\ D o)\ 

since 2d a + c + a = 2d a - 25. It follows from (6.4.5) that R 2S n'Qi\ D o ~ ® 
{W,~ a IC^,)| D o. This implies that x MiAt / dim is the rank of the constant sheaf 

By the spectral sequence of the composition n" o n', the last formula is the same as 
the constant sheaf R 2d ° (7r\„,-i {D0) )\Qi)\o- If we put = D°, X = JJ^, tt' _1 (D m /) 
gives a partition of A into locally closed pieces. Hence by the long exact sequence 
associated to R*tt\, we see that x^ ttJL i dim coincides with the rank of the 

constant sheaf -R Mo 7r*Qz|e>, which is equal to dimV^. This proves (6.6.6), and 
(6.6.3) follows. 

6.7. We are now ready to prove Theorem 6.2. Put U = {(z, gP e ) G O x H/P e \ 
g- l z e TTp^C)}, and define / : U ->■ O by (z,gP e ) ^ 2. Then U C D° and the 
restriction of 7r" on W coincides with /. It follows from (6.6.7) that x^ ^i coincides 
with the rank of the constant sheaf R 2d °- 25 (7i"\ u ),(U- a ICj \ u )\o- Since ?T a IC£, | w 
is a constant sheaf Q;, x Mi/x / is equal to the rank of the constant sheaf R 2d °~ 25 f\Qi 
on O, hence is equal to dimH 2d °~ 2S (f~ 1 (z), Qj) for z e 0. By Proposition 5.6 
(ii), we know that dim/ -1 (z) < d a — 5 for any z & O. It follows that x^ 
is equal to the number of irreducible components in f~ x {z) of dimension do — 5. 
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Let U z = {g G H \ g~ x z G ^p 1 (£>')}. Since U z ->■ f' 1 ^) is a principal P e - 
bundle, x^ coincides with the number of irreducible components of U z of dimension 
do — 5 + dimP e . We define a map /i : IA Z — > O' by g i— >■ np(g~ 1 z). Then for each 
2/ G 0', f\ 1 (z') = F 2 Z / in 6.1. /i is L^-equivariant with respect to the action of 
L e on U z by the right multiplication, and on O' by the conjugation. Hence 
coincides with the number of irreducible components of f\ l (z') of dimension 

d - S + dimP 9 -dim L e = (dim Z H (z) - dimZ L e(z'))/2 + dimU d P . 

In view of (6.6.3), this completes the proof of Theorem 6.2. 



7. Determination of Springer correspondence 

The explicit description of the Springer correspondence was given in Kato [Ka2], 
by computing Joseph polynomials. In this section, we shall give an alternate ap- 
proach based on the restriction theorem (Theorem 6.2). 

Theorem 7.1. Under the notation in Theorem 5.4, we have fx' = n, namely, the 
Springer correspondence is given by -H- V M for each fi G V n ,i- 

7.2. Before proving the theorem, we need a lemma. First we prepare some 
notation. Take fi = (fi^\ fi^) G P n ,2, and put v = fi^ + fi^ 2 \ We write v as 
v = (z/i, . . . , u m ) G V n with v m > 0. Let us fix integers mi,...,m< > such that 
Yli=i m k = 171 by the condition that 

"l ' "mi ^ "mi+1 ' "mi+ni2 ^* "mi+m2+l 

We denote by z/[ fc ] the constant value z/j for m x + ■ ■ • + m fc _! < j < mi + • • • + m fc . 
For such j, z^ 1 * 1 is also constant and we denote it by jj,^. 

Take z = (x,v) G O^, and assume that x = y6(y)~ l with y G A uni and that 
v G M n . Then (y,v) G A un i x M n is of type /x, and by [AH], one can find a Jordan 
basis {vij | 1 < i < m, 1 < j < z/j} of y — 1 in M n such that (y — l)v it j = v 
for j > 1 and (y — l)fjj = for j = 1, and that i> = Yli=i v M> where p« = 

mi + • • -mj-i + 1. (Note that in [AH], the normal form for C M is given by (y,v') 
with f' = YlT=i v i This element is A-conjugate to our (y,v).) Let {v[j} be a 

Jordan basis of y' = 0(y)~ 1 in M' n such that (y' — l)v[ j = v' i j+1 for j < z/j and 
(y' — i)v' it j = for j = v>i, and that (fjj, v' v ■/) = unless « = j = j'. 

Let P be the stabilizer of the partial flag (t>i,i) C (vi t i) ± in G. Then P is an 0- 
stable parabolic subgroup of G as in 6.1, and H/P is identified with the projective 
space P(V). We define Wi = v qu i or wi = v' p , where = m x H — • + m ; . Then Wi 

is an x-stable vector in V. Let p be the stabilizer of the flag(wj) C (wj)" 1 in G. Then 
Pi is ^-stable, and Pf is the stabilizer of the line (wi) in H. We show the following 
lemma. 
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Lemma 7.3. Under the notation as above, 



dim Z H (z) f]Pi = 



dimZ H (z) - 2q,i + 2 ifwi = v qi>1 , 
dim Z H (z) -2^ + 1 i/ Wi = v' p .^ . 



Proof. Put Q = {g G G \ gv = v,g{v) = (v) ,g\ v ,, v x± = id}. Then Q is a ^-stable 
subgroup of G, and we have Zn{z) C\ Pi — Z P 8 nG: e(x) = (Zp ir] Q(x)) d . Note that the 
structure of Z G (x) and Z H (x) are described as follows (cf. the proof of Proposition 
2.3.6 in [BKS]); Z G (x) — C K R, where C is a subgroup of G generated by g such 
that 



k 



gv' 



( a 'k v k^-j+l+bWk,j), 



1,3 

k 

and R is the unipotent radical of Z G (x). Then C ~ Ylk=i^^rn k - C and R are 
6>-stable, and so Z H (x) = C e x R e . Hence C e ~ [iLi 5p 2mr Since 

(7.3.1) ZjfnQ'Os) = (C n p n Q) e x (P n p n Q) e , 

we compute dim(C fl Pi fl Q) 6 and dim(P n Pi fl Q) e separately. For /c = 1, . . . , £, 
let \4 be the symplectic space with dim\4 = 2m k . We fix a symplectic basis 
ef \ . . . , e$ k ,f[ k \ /S! of Vfc. Let C k , D k be the subgroups of GL(V k ) ~ GL 2 m fc 
defined by 

C7 fe = G GL(Vfc) | = vo^ivo) 1 =( v o} ± >g\v k /{v )- L = id )' 
P> fe = {5- G C k | #(w ) = (w ), giwo)- 1 = (wo)- 1 } 

where Vq = and wq = e^m k or wq = ■ Note that D k = C k if Vq = Wq- We 
denote by 9 the involution on GL 2mk defined in a simlar way as the case of G. Then 
Ck, D k are ^-stable, and we have 

(7.3.2) (c n p n Q) e ~Dfx[] c£ 

Since Cf. ~ ({1} x Sp 2mk -2) x C^i, where C/i is the unipotent radical of a parabolic 
subgroup of Sp2m k whose Levi subgroup is isomorphic to GL X x Sj>2m k -2- It follows 
that 

(7.3.3) dimCf = 2mjl - m k . 
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Next we show that 
(7.3.4) dim£>£ 



2m 2 k 
2m\ 



(k) 

3m k + 2 if w = em k and m k > 2, 
3m k + 1 if w = f[ k) ■ 



First assume that wq = e™| and m k > 2. Then vq G (wq) 
basis hi, ... , /i2m fe of V k as follows; 



We define a new 



hi 



Wo 



f(k) 

Jj+l-m k 



(fc) 



Then we have 



/J 



(wo) X 

(wo^n^o)" 1 



J = 2, 

3 < j < m k , 

m k + 1 < j < 2m k - 1, 

j = 2m fc . 



■ (/li, . . . , h2 mk -l), 

(hi, ... , h2m k -2, h2m k ), 

■ (hi, . . . , h 2mk -2), 



and the condition for g <E D k is given by 

g(h 2 ) = (h 2 ), 
g(hi . . . h 2mk -2) = (hi, . . . h 2mk ~2\ 

g(hi, . . . , /l2m fe -2, h 2rnk ) — (hi, ... , /l2m fe -2, ^2m fe ), 

gh2m k G /l2m fe +(^1, • • • , ^2m fc -l)- 

We have -D^? ~ (GLi x Sp2m k -4) x £^2, where U 2 is the unipotent radical of a parabolic 
subgroup of Sp2m k whose Levi subgroup is isomorphic to GL 2 x S , p 2mfc -4- The first 
formula in (7.3.4) follows from this. 

Next assume that w = ■ Then v ^ (wo) 1 - We define a new basis hi, ... , /i 2mfc 
as follows; 

J = 1, 

2 < j < m k , 
m k + 1 < j < 2m k - I, 
j = 2m k 
Then we have 

: (hi, . . . , h 2mk -i), 

■ (h 2 , ■ ■ ■ , h2m k ), 




f(k) 
J j+l-m k 

{.Wo 



(vo) 1 
(wof 
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(v ) n(w ) ={h 2 ,...,h 2mk -i), 
and the condition for g G D k is given by 

gh = 

g(h 2 , . . . , h 2mk -i) = (h 2 , . . . , h 2mk -i), 
9h 2mk — h 2mk . 

Then D k ~ Sp 2mk - 2 , and the second formula in (7.3.4) follows. 
Now (7.3.2) implies, by (7.3.3) and (7.3.4), that 

(7.3.5) dim(C n Pi H Q) e = J2(2m 2 k - m k ) + (2m t 2 - 3m; + 2 - e) 

= dimC e - 2m - 2m { + 2 - e, 

where e = (resp. e — 1) if Wi — v qu i (resp. Wi = v' pi>l , ). Note that this formula 
holds even if — 1 and e — 1. 
Next we show that 

i-l 

(7.3.6) dim( J R n n Q) e = dim i? e - 2| / u (1) | + 2m - 2 ^ m fe . 

fe=i 

For each i, choose a pair (i 1 , f) such that i' > i or i' < i, f < z/;. Then the assignment 
v i,j ^ ^j+^.i'.i'^'j' ( c i,i'j' e k) gi ves r i se to a unique element in P, which is denoted 
by 9( c i,i',j')- Then fT i 4 , ■, g{ci^ j>) (ci,i',j')»,»'j' gi ves an isomorphism between P 
and an affine space A c , where c = dimP (the product is taken under a suitable 
order). Then for g <E R, the condition gv — v is given by a system of linear 
equations with respect to the variables one equation for each v^j such that 

j < fif \ and for each v[j such that fi — j < It follows that the number of 

such equations is equal to Yll=i 2 m fc (/-*[&]'' — 1)> an d they are linearly independent. 
On the other hand, for g G P, the condition g^) 1 ' = (v) 1 is given by a system of 
linear equations, one equation for each Vij such that vi — j < and for each 
v[ j such that j < iJp , together with £ — 1 linear equations arising from the i — 1 
dimensional space (v' (1) | 1 < i < £)r\{v) ± . (The condition <7| y/ , a. = id is then 

automatically satisfied since g G P.) Hence the number of equations is given by 
Y^k=\ ^ ,m k(l J '\k] — -0 + — -0- By a similar argument, the condition for g G R to 
be g(wi) = (w^ (resp. g{wif~ = (u^) -1 ) is both given by a system of linear equations 
whose number is equal to 2mi + • — h 2mj„ 1 . Since all of those linear equations are 
linearly independent, we see that 

i-l 

dim(P n Pi H Q) = dim R - 4|/x (1) | + 4m - (£ - 1) - 4 m fe . 

fc=i 
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If we pass to (RnPiDQ) 9 , the linear equation corresponding to v i: j with j < n\' and 

the equation corresponding to with j < p!p gives one equation, and similarly for 

Vij and v\ j with v { — j < //^. This phenomenon also occurs for the linear equations 
with re spec to Pi, and we obtain the half of those linear equations. However, the 
(£ — 1) linear equations does not give a restriction on R e . Hence we obtain (7.3.6). 

The lemma now follows from (7.3.5) and (7.3.6), if we notice that dim Zh(z) = 
dimZ H (x) — 2\fj,^\ (see the proof of Lemma 2.3). □ 



7.4. Take pi G P„ )2 with v = + /i (2) . We follow the notation in 7.2. Let 
// = (/i' (1) ,/i' (2) ) G V n -i,2 be such that 

(i) the Young diagram p!^ is obtained from the Young diagram pP> by removing 
one node, or 

(ii) / 2) is obtained from p^ by removing one node. 

We assume that the removing node is contained in g^-th row in each case, i.e., 
= a4! )_1 or /4? =/4? -1 - Letrf M = z/ // -dimC M /2andrf /x / = dim 0^/2, 
where H' = Sp 2n -2- We note that 



(7.4.1) d„ -d„. 




case (iJ, 
case (ii). 



In fact, by Lemma 2.3, we have d^ = n + 2n(/x) — |/^|, and a similar formula 
holds for d^i. Since — |//^| = 1 or according to the case (i) or (ii), and 

n(n) — n(fj,') — qi — 1, we obtain (7.4.1). 

Take z = (x,v) G as in 7.2, and put Wi = v qu \ in case (i), and Wi = v' p in 

case (ii). Let x' be the linear transformation on the symplectic space V \ = (wi) 1 / (wi). 

_1_ (2) 

We have v G \Wi) (note that p qi ^ in case (ii)), and let v' be the image of v on 
Vj. Then one can check that z' = (x',v') G O^. 

We are now ready to prove the theorem. We consider the variety f^(z) appeared 
in 6.7 instead of considering the variety Y ZjZ > in 6.1. Let U z = {gP e G H / P e \ g~ l z G 
7Tp 1 ((9 Al /)} which is isomorphic to f^ 1 {z) for O' = O^i. Let Pi be the stabilizer of 
the flag (wi) C (wi) 1 in G. Then giP e G U z for P, t = giPg~ x . Zh{z) acts on IA Z 
from the left, and we consider the Zh{z) orbit Yi of g^-P 6 in U z . By Lemma 7.3 and 

(7.4.1) , we have 

(7.4.2) dim ^ = dim Z H (z) - dim(Z H (z) n Pi) = d^ - d w . 

By 6.7 (an equivalent form of Theorem 6.2), all the irreducible components in U z 
have dimension < d^ — d^, and the number of irreducible components of U z of 
dimension d^ — d^ coincides with the multiplicity (p^, p^) . By (7.4.2), the closure 
of Yi gives an irreducible component of U z of the required dimension. It follows that 
(Pfi, Pm') — 1- Since it is known that the restriction of an irreducible representation of 
W n to W n -\ is multiplicity free, we see that p^) = 1. By induction on the rank 
of G, we may assume that p M / ~ V^/. Then our result shows that the restriction of 
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p M on W n -i coincides with that of V^. Since the irreducible representation of W n is 
determined completely by its restriction on W n -\ if n > 3 or if its degree > 2, we 
see that p M ~ V M in this case. Hence we may assume that n — 2, and we have only 
to distinguish p M for fi = ((2), -), ((l 2 ), -) and for /x = (-, (2)), (-, (l 2 )). But by 

Lemma 5.2, we already know that p M = for fi = ((l 2 ), — ), (— , (l 2 )), and so the 
remaining cases are determined. This completes the proof of Theorem 7.1. 

Remark 7.5. By making use of Theorem 5.14, one can show that the correspon- 
dence A A* for A G V n in the formula (1.14.2) in Proposition 1.14 is identical, 
i.e., for the map ir[ : G^ ni — > Gjf ni (the map 7Ti in 1.10. We changed the notation to 
distinguish this with 7Ti : X uni — > X un {), we have 

(5.18.1) (7ri),Q,[dimGl] ~ if*(P?) ® V x <g> IC(O a , Q,)[dimO A ]. 

In fact, since G L0 ~ G"" 61 x {0}, G"" 61 ~ Af+ for m = under the notation of Section 4, 
coincides with the restriction of (7r m )*Qj = {7t m )*Qi (for m = 0) to X nni up 
to shift. Here by Proposition 4.8 (or rather by (4.9.1)), we have 

(5.18.2) (7f )*Q^ #*(P?) ®V X ®IC(X , C x ). 

xeVn 

By Theorem 5.4 (ii), together with Theorem 7.1, we see that 

(5.18.3) IC(^ ,£ A )U uni ^IC(O A ,Q0 

up to shift. (Here we identify 0\ C Gjf ni with C(_ ;A ) C Af uni under the closed 
embedding G'° ni ~ G^ ni x {0} ^ A 7 ^.) (5.18.1) follows from (5.18.2) and (5.18.3). 
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